NONLINEAR OPT

Nicolas DUBREUIL

nicolas.dubreuil@institutoptique.fr

1 Homework
: 6 tutorial sessions
(including one in numerical simulation)

By the end of this lecture, students will know...

* the constitutive relations of nonlinear optics (D = €xFE + P
and P = gy WE + gy PEE + eqxPEEE + ) (K1)
* the basic properties of nonlinear susceptibility tensors (K4)

By the end of this course, students will be skilled at ...

* Manipulating the nonlinear susceptibility tensor components
and, with given incident fields, calculate the components of
nonlinear polarisation vector

INSTITUT i

d'OPTIQUE

GRADUATE SCHOOL _




e First descriptions

— Expression of the macroscopic polarization in terms of
a power series in the field strength :

P(t) = x1E(t) + x2E(DE(L) + x3EMER)E(L) + - -

— Origin of the nonlinearities : classical anharmoni
oscillator (classical model)

e What are the limits ?

— the response of material was described by a scalar quantity

— the response time of the material was assumed to be
infinitely short (instantaneous response)
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e Constitutive relations on nonlinear optics

— Derivation of the impulse response of a time invariant
and causal system in LINEAR and NONLINEAR regimes

* Nonlinear susceptibility tensors
— Definition

— Basic properties
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Field notation

We assume that the electric field vector can be expressed as a plane

wave (or as a projection of plane waves, i.e through a Fourier
transformation) :

Ei(w)
E(t) = E(w)ez(_wt+k’r) + E* (w)e_l(_wt+k'r) with: E(w) =| Ej(w)
E
E(t)= E(w)e%<—wt+k-r@+ ccC H)
Q _ Notation :
Purely REAL qua.ntl.ty/ E(w) = E(—w)
Polarization state

Similarly for the macroscopic polarization :

P(t) = P(w)el(—wHk’-’f‘)e + p*(w)e—z(—wt+k-r)e

-

Notation :
P*(w) = P(—w)

Purely REAL quantity
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Pulse response in LINEAR regime

Description of the propagation of an electromagnetic field E(t) through a linear medium :
- LINEAR MEDIUM = LINEAR FILTER
- TIME INVARIANT & CAUSAL linear system (+LOCAL Response)

Excitation Response

£t) =D yetm P PO

P(t) = e / o TW (¢, 7)E(T)dr

— 00

Z(l) (t, 7-) : Impulse response of the Medium : general case of an anisotropic
- material, it is a tensor of rank 2 (i.e. 3x3 matrix)

Properties : | -E(t) and P(t) are purely real quantities, same for T()(t,T)

- time invariant system : P = eO/R(l)(t—T)E(T)dT,
0 (t,7) =BO(t - 7) - |

. eo/g(l)(r)E(t—T)dT
-Causal system implies that _ |
ﬁ( )(r)=0for 7 <0
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Linear susceptibility

E(t) = / E(w)e"!du
Convention for the

Fourier Transform : |
B(w) = / £(t)e et dt
27

Pt) = 50/§(1>(t —7)E(T)dr, Fourier P(w) = eoé(l) (w)E(w)

_ eo/g(l)(f)s(t—f)df Transform ‘—]—'
Linear Susceptibility : <-/

Fourier transform of the ) (w) = 27 TF [ﬂ(l)(t)]
pulse response = -

Properties :

- Reality of the function R (t) =) é(l)(w)* = g(l)(—w)

- The causality property enables to derive the Kramers-Kroning relations that
relates the real and imaginary parts of the linear susceptibility
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Nonlinear pulse response

Propagation of an electromagnetic field E(t) through a NONlinear medium :
NONLINEAR MEDIUM = TIME INVARIANT & CAUSAL system
(+ LOCAL Response)
Excitation Response

NonLinear
ER) P wedum [P ) - PO+ PO + PO + -

+oo
P(l) = €o / TW(t,7)E(r)dr Linear Macroscopic Polarization

—00

PA(t) = E()//T(z) (t: 71, 72) E(11)E (o) dry dry 24 order nonlinear Macroscopic
— J Polarization

“—> 2nd order nonlinear impulse response = 3rd order
tensor (in order to fully describe the quadratic
dependance of the 2nd order nonlinear polarization)

Expression of the ith component : Pz'(2) (t) = eo Z/ m 5 (11)Ek(T2)dT1dTo
(j7
t ijk of the t
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Constitutive relations : nonlinear pulse response

nth order nonlinear pulse response :

P (1) =eo//---/g}”%t;mw,--- ) E(t—T1)E(t—T2) - E(t—Tn)dTrdTs - - - dT,

PROPERTIES of the nonlinear pulse response :

Symmetry condition: A tensor can be expressed as the summation of a

symmetric and an antisymmetric tensor

58 = 5 [1Q (6, m) + TR (Em,m)]
zyk(t 71,72 ) z]k(t TlaTQ) +A1]k(t 71, TQ) 9
A'Eﬂ)c 2 I:nglg(t 7'1,7'2) T'z(kj)(t T2, 7'1):|

Substitution into Pi(Q)(t) =€ Z T,L(Jk?(t;Tl,TQ)Ej(Tl)Ek(TQ)dTldTQ

Shows that )

Conclusion : the nonlinear

(t; To, 7'1)] pulse response tensor is
SYMMETRIC

[1}2-2;2(“7-1:7-2) Tz(k]
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Constitutive relations : nonlinear pulse response

PROPERTIES of the nonlinear pulse response :

Time invariant response property :  L®(t;r,7) = R?(t — 71, t — )
PO =« [ [EO6- .t - nEmEm)indn,
= 60//§(2)(7’1,7’2)g(t — Tl)g(t — 7‘2)d7‘1d7‘2.

Causal system: R®(r,7)=0for 7 <0and <0

Real function: The field vectors are real quantities, which imply the reality of the
nonlinear pulse response.
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Constitutive relations : nonlinear susceptibility

Case of the 2" order nonlinear susceptibility :

[ P(Q)(w =wi+w2) = eoé@)(w = w1 +w2swi,w2) E(wy)E(w) ]

K(z)(ws;wla‘*&) = //£(2)(7'1,Tg)ez(w171+w272)d7'1d7'2

= (271')2TF [é(m (7'1,7'2)] )

[PZ(Q) (w1 -+ wg) = € Z Xg-])c(wl + w2 wlvu)?)Ej (wl )Ek(WQ) ]
ik

P(w = wp +wq) =€ Zém) (W = wp + wg; wp, wq) E(wp) E(wg)
(pa)
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d'OPTIQUE N. Dubreuil - NONLINEAR OPTICS
GRADUATE SCHOOL

Nonlinear susceptibility tensor
Case of the nonlinear interaction of 2 waves @ ®4 and ®, in a 2"
order NL medium :

*Classical anharmonic oscillator : scalar expression of the polarization
@ =0+,

z (all the dipoles are supposed identically oriented along the linear
polarization state of the applied field ):
= l P(wi 4 wa) = eoxP (w1 ,wa) E(w ) E(wy)
y

» General description : the array of dipoles are oriented along the 3

z . directions x,y et z + different oscillator parameters for each direction
w0
I General relation :
2
Pi(wi +ws) =€y ngll(m + waswi,w2) Bj(wy) B (w2)
X woeeQ

7k
INSTITUT i
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Nonlinear susceptibility tensor

Case of the nonlinear interaction of 2 waves @ ®1 and ®», in a 2"
order NL medium :

» General description : the array of dipoles are oriented along the 3
directions x,y et z + different oscillator parameters for each direction

z
¢
I General relation :
2
Pywi+ws) =en Y ngll(wl + woswi,wa) Ej(w1) Ex(w2)
X e ik

Vector / Tensor notation :

/@m + wo) = l@ 1+ wz;wl,w@ﬁ@ﬁﬂ)
N/

Vector Vectors
Tensor of rank 3
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Nonlinear susceptibility tensor

To conclude

* The response of a material subject to the excitation by an
electromagnetic field is given by the macroscopic polarization

* Inthe electric dipole approximation (which consists in neglecting the
quadripole term in the constitutive relation), the polarization term is
developed in power series expansion of the electric field:

Pt) =P+ PO+ PI(t) +- -
* Relation with the nonlinear impulse response of the material :

P = / PO (w)e *dw

/ = 60/ §(2)(7']_,7'2)8(t—Tl)g(t—TQ)dT]_dTQ
vector Tensor of vectors
rank 3
(impulse
response
INSTITUT i P )
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To conclude

* Relation with the nonlinear impulse response of the material :

PAM) = / PP (w)e ™ duw

= 60//5(2)(7'1,7'2)5(?5—Tl)g(t—Tg)dTldTg

The nonlinear susceptibility is proportional to the FOURIER TRANSFORM
of the impulse response of the material

X(2)(W1+WQ;W1,(U2) = //5(2)(7'1,Tg)ez(wlTl_'_wQTQ)dTldTg.

- @ﬂ%ﬂ{EQ@Lmﬂ.

Constitutive relation 5 5
of nonlinear optics = [P J(w = w1+ ws) = € é( Nw=w + wg;w17w2)E(w1)E(w2)J

This constitutive relation means that the interaction of two waves at w; and ws in a second
order nonlinear medium generates a polarization term at w = w; +wsy. Notice that the frequency
arguments can take either positive or negative values, which comes from the assumption for the
electric field £(t) to be a purely real quantity
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To conclude

Constitutive relation . .
of nonlinear optics = [P( fw=w +w)=eax?w=w+ W2%w1aw2)E(w1)E(W2)J

This constitutive relation means that the interaction of two waves at w; and wsg in a second
order nonlinear medium generates a polarization term at w = w; +wsy. Notice that the frequency
arguments can take either positive or negative values, which comes from the assumption for the
electric field £(t) to be a purely real quantity (see (1.7)).

Each vectorial component of the polarization can be expressed in terms the tensorial com-
(2

ponents x, ;. (w = w1 + ws;wi, wp) and the electric field components E;jr(w) :

2 2
Pi( (w1 + ws) = € Z ngll(wl + was wi, w2) Ej(w1) B (w2).
ik
This relation might also require to sum over the frequency components :

2
Pi(w = wp +wq) = € Z Z ng;)c(w = Wp + Wqi wp, wq) Ej(wp), E(wg)-
Jk (pg)

Pw=wp+wg) =€ ng (W = wp + wy; wp, we) E(wp) E(wg)
(rg)
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Nonlinear susceptibility tensor -
Definition

Case of the nonlinear interaction of 2 waves @ ®1 and ®», in a 2"
order NL medium :

*Classical anharmonic oscillator : scalar expression of the polarization
@ w=0to;

z (all the dipoles are supposed identically oriented along the linear
polarization state of the applied field ).
= I I P(wi + wa) = egX P (w1 ,w2) E(wi) E(wo)
y

* General description : the array of dipoles are oriented along the 3

z , directions x,y et z + different oscillator parameters for each direction
w0
I General relation :
P _ (2) . E. E
@1+ w3) = €0 ) X @1 + B5:@).02) E; (@) Ex ()
X @l

-
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Nonlinear susceptibility tensor -
Definition

Case of the nonlinear interaction of 2 waves @ ®4 and ®, in a 2"
order NL medium :

* General description : the array of dipoles are oriented along the 3
directions x,y et z + different oscillator parameters for each direction

z
R o)
I General relation :
i E t Pi(w1 +w2) = € Z Xg;l(wl + woiwiwa) Ej(wy) By (w2)
X el 7k

Vector / Tensor notation :

/@wl +wa) = 61 + W2;W1,W2@<W1/@)ﬂ2)

Vector Vectors
Tensor of rank 3
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Nonlinear susceptibility tensor -
Definition

v' 2" order NL susceptibility :

= tensor of rank 3

—~
DO
~—

It contains 9x 3 = 27 components

Comment : Each tensor is defined for a set of frequencies.
The value of the components of the tensor depends on the frequencies (in a
general manner) !!!

* General expression of the 2nd order NL polarization :
Plw =w, +wq) = € Z X (w = wp + wqi wpwq) E(wp) E(wg)
(rq)
Expression of the i component :

2
Pi(w = wp +wg) = €0 Z Z ngl)c(w = Wp + wg; wp,wq) Ej(wp) B (wg)
Jk (pq)
INSTITUT ‘/
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Nonlinear susceptipiiity tensor -

Definition
v 3rd order NL susceptibility :
= tensor of rank 4 X(g)

81 components !!!!
* General expression of the 3rd order NL polarization :

Pi(w=wp+ws+w)=c¢€p Z Z Xz(?lll(w = wp + wy + wriwpwe,wr ) Ej(wp) B (wg) i (wr)
Jkt (pqr)

Expression of the i component :

Pw=wp+wy+wr) =e€o Z ﬁ(w = wp + wq + Wy wp,wg.wr) E(wp) E(wy) E(w,)
(par) =—

v' Nth order NL susceptibility
INSTITUT i
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Properties of NL susceptibilities

Nonlinear susceptibilities = Tensor
2
. P ?
wi, wo [ x? . —
Complete description of the waves interaction (3 waves in this case)
requires the determination of :
P(w,), P(w,), P(w;) P(-w,), P(-w,), P(-w,)
ﬁ(wl w3, — wW2) ﬁ(wz w3, — wi)
XP) (wi; —wa,w3) g(“’” —w1ws)

12 tensors = 12 x 27 = 324 components !!!
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Properties of NL susceptibilities
* Reality of the fields

el ngl)f(wg Wy ,wa) = X(]Qll(—u)g —w1, —w2)

* Intrinsic Permutation Symmetry

The quantities : X(-le)g (w3iwi.wo)Ej(w1)Eg(w2)
are numerically equal

and @) (wsiwa.w1) Bi(wa) Ej(wr)

Consequence
(2)

2
—r X(.)(wg = w1 + woiwywa) = Xikj

ijk (w3 = w1 + waiwr.wi)

* Lossless media
Expression of YNt is a purely real quantity

Verification : in the case of the classical oscillator model discussed in ch1,

/smce o << C()O
INSTITUT — }
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Properties of NL susceptibilities

* Degeneracy Factor
Determination of P(®) : summation over field frequencies in interaction and for
which w=w +w,+w,+

Due to intrinsic permutation  — simplification occurs

Example : Sum-Frequency generation

— —

D) w3 = w1 +w
w1, W X() _3. ! 2
— pr—

Pi(ws) = GOZ [ p(waswiwo) Bj(wy)Ex(wo) + X&;{(% wa w1 ) j(WQ)Ek:(Wl)]

Intrinsic permutation wegp P;(ws3) :®0 Z Xg])c(w:g;wl w2)Ej(w1)Eg(w2)
jk

\
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Properties of NL susceptibilities

» Degeneracy Factor
- 2nd order NL Polarization expression

P,(ws) ’0 > ) (was wiwa) Ej(wi) Ex(w2)
jk

Degeneracy factor ~ ® D®) =1 in the case of one distinct field (w; = ws),
e D®) =2 in the case of 2 distinct fields (w; # wy).

- 3rd order NL Polarization expression

Pi(wyg = w1 + wo + w3) ZX”M waywi,w,w3)Ej(w) B (w2) B (ws

/ ikl
Degeneracy factor
e D®) =1 in the case of one distinct field (w; = wy = ws),
e D®) =3 in the case of 2 distinct fields (w; = wy # w3),
e DB) =3l =6 in the case of 3 distinct fields (w1 # wo # w3).

N. Dubreuil - NONLINEAR OPTICS

INSTITUT i

d'OPTIQUE
GRADUATE SCHOOL




Properties of NL susceptibilities

* Kleinman Symmetry - Lossless Media

Lossless media : no exchange of energy with the nonlinear medium

(2) — e Limrre an) — (2) _ . @
Xijk(w3 = witwziwy,wa) = Xjk,i(_wl = Wy—W3; Wy, —Ws) = iji(_“’2 = W —Ww3jWwy,—w3)

(See Tutorial 1) Simultaneous permutations of the indices with
the frequency arguments

Far from any material resonance, XN'- does not depend on frequencies Consequence :

Permutation of the indices without permuting frequencies

(2) X (2) . (2) .
Xijk(Ws = w1 +w2iwi,wa) = X (w3 = w1 + waiwi,wz) = Xpji(ws = w1 + waiwiw)

+ intrinsic permutation
Full permutation of the indices, without permuting the

frequencies

INSTITUT —
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Spatial Symmetries

Spatial symmetry properties of the nonlinear material : reduction
of the number of independent components

» Example : media inside which the directions x and y are similar (from
th point of view of its NL response)

2) _ A, (2)
szx - Xzyy

Strong reduction of the
numbers of
independent
components

(for instance)  —>

* Important example : Centre-symmetric material

2nd order nonlinear susceptibility vanishes X(2) =
(i.e silica...) -

(generalization : 2N order )
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Contracted notation d

When the Kleinman symmetry condition is valid

Or

For 2nd harmonic generation process

1. (2)
2 Xijk

it

Contraction notation of the last two indices

gk
[

11 22

1 3

dil =

_
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33 23 ou 32
4

13 ou 31
d
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Spatial Symmetries

Permutation symmetry of the last two indices

12 ou 21

6

Matrix with 6x3 components

- =t - .
Yariv's Quantum electronics 3rd Edition pages 381-382
TABLE 161, ;‘he Form of the Nonlinear Optial Tensor dy as Defined TABLE 16.1. (Contimeed)
Y (16.1-4)
Tetragonal (contimeed )
Key w0 Nowution
o Zevo modulus Class 42m
e Nonzero modulus DT . o
o——e Equal moduli - Zn “- . N .
Moduli rumerically equal, but opposite in sign i e
Centrosymmetrical Classes
(all  moduli ’f"“_'fh' Cubic o
Noncensrosymmetrical Classes Class 432 Classes 43m and 23
Triclinic I o o ® ..
Chass 1 PR DR .
L L e o o o o ofiD) ® ¢ o o o W)
e B, [ All moduli  vanish
U )
19 Trigonal
Momxclinic Class 3 Class 32
Class 2 Class 2 . .

245 “« o0 a0 ) LI I WY o—v e
(sandard (0 @ @ « @ o Ml 00000 e erefif) . MevieteRetd o
orentation) \e ¢ ¢ @ o (8 ® ® 0 * ¢ 98

Class 3m Class 3m
R
Class m Class m wiin CECREIE Be

L oo o0 e sde (standard e o e 2le 0 o v
(standard [® * * & ° @ MiBh e a0 e oo orientation) \e-e ® * « olg) e o o o oy
orientation) \e e ® « @ </(10) * e s 0 0 o0

Hexagonal
Orthorhombic Class 6 Class 6mm
Class 222 Class mm2 ... x CECEE V C
“ v e e el U Y ‘... . . e ..
LU e e e 0 e o o+ » g e o o of3)
o vieTR T Yn) 0. s same as class 4 same as class dmn,
i Class 622 Class 6
Tetragonal P o e .o L smend SO
Class 4 Class 3 oo @ :\; . p B L)
5089 9{ ..... ) P O o
RS
2 1823 2 same as class 422
-0 o ¢ o oy, =0 ¢ * o ofiy, ¥,
Class 6m2 Class 6m2
Class 422 Class 4mm R s 00w
...X. ...V. \s(:nd‘a:dl O-o" o o o il Xyl g ar. an 0|
A :) fLar W eiece orientation) \» ¢ ¢ ¢ ¢ efil) o o o o o ofil)
CHRCEL R R (1)) e 8 * v
INSTITU L) :br Source: Reference 2.
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Spatial Symmetries

EXAMPLE : KDP crystal — See the learning activity on eCampus

Point group 42m - 3 nonzero coefficient, 2 numerically equal

coefficents :
0 0 0 4, O 0
0 0 0 0 d, 0
0O 0 0 0 0 dy
2m generation : Determination of ﬁ(za))
Px(Qw) = 460([14Ey(w)EZ(W)
Py(2w) = deodiyEy(w)E; (w)
P.(2w) = 4depdssEr(w)Ey(w)
|N$T|TUT£
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Student activities

To complete, read the lecture notes :
sections 2.2 and 2.3

+ Complete two short tests on eCampus
by next Monday (27 Nov.)
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