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5.1 The crystal of spin 1/2 (*)

5.2 Monoatomic ideal gas (*)

5.3 The diatomic perfect gas (*)

5.4 The Langevin paramagnet (*)

The spatial orientation of the magnetic moment of each atom is specified by two angles θ and
ϕ. When a magnetic field ~B is applied along the z axis, each atom acquires a potential energy

Hmag = −~m · ~B = −m0 B cos θ , (5.1)

where m0 = ||~m||. The kinetic energy reads

Hkin =
I

2
[θ̇2 + ϕ̇2 sin2 θ], (5.2)

=
1

2 I

(
p2θ +

p2ϕ

sin2 θ

)
(5.3)

1. The phase space is defined by (θ, pθ), (ϕ, pϕ). We thus have two pairs of conjugate variables
therefore D=2 degrees of freedom in the semi-classical formula.

The canonical partition function associated with H in the semi-classical limit is

z =
1

h2

π∫
0

dθ

2π∫
0

dϕ

∫
dpθ

∫
dpϕe

−βH

We first fix B=0 and perform the two Gaussian integrals over the momenta (we use the
formula 0.1 of the text):

z(B = 0) =
1

h2

π∫
0

dθ

2π∫
0

dϕ

√
2πI

β

√
2πI sin2 θ

β

And we make the final integration over angles to find

z(B = 0) =
8π2I

βh2
=

4πR2

Λ2
T
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with I = mR2 and ΛT =
√

h2

2πmkBT

Notice that V ol = 4πR2 corresponds to the surface of a sphere of radius R.

In the general case, we follow the same path by first integrating over the momenta:

z =
1

h2

π∫
0

dθ

2π∫
0

dϕ
2πI

β
sin θeβm0B cos(θ)

We can thus write the result in the form z = zkinzmag where

zkin = z(B = 0) =
4πR2

Λ2
T

and

zmag =
1

4π

π∫
0

dθ

2π∫
0

dϕ sin θeβm0B cos(θ)

The latter integral gives

zmag =
sh(βm0B)

βm0B
=

sh(x)

x

where x = βm0B.

2. Give the expression for the probability density w(θ, ϕ) that the magnetic moment points
in the direction (θ, ϕ).

In the canonical ensemble, the probability density is defined by

P c(pθ, pϕ, θ, ϕ) ∝ e−β(Hkin+Hmag)

We are only interested in the probability density that the magnetic moment points in the
direction defined by the two angles θ, ϕ. Therefore, we need to integrate P c(pθ, pϕ, θ, ϕ)
over the two momenta variables pθ, pϕ.

w(θ, ϕ) ∝
∫
dpθ

∫
dpϕ P

c(pθ, pϕ, θ, ϕ) ∝ sin θeβm0B cos θ

This probability density should verify

π∫
0

dθ

2π∫
0

dϕw(θ, ϕ) = 1.

This thus fix the proportionality constant. Using the previous calculation, we find that

w(θ, ϕ) =
βm0B

4π sh(βm0B)
sin θeβm0B cos θ

or equivalently
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w(θ, ϕ) =
x sin θex cos θ

4π sh(x)

At low temperature, x� 1 and

w(θ, ϕ) ∼ x sin θe−x(1−cos θ)

2π
∼ xθe−xθ

2/2

2π

This looks like a Gaussian which is peaked around a value θ∗ ∼ 0.

At high temperature, x� 1,

w(θ, ϕ) ∼ sin θ(1 + x cos θ)/4π ∼ sin θ/4π

3. Calculate the average magnetic moment, mz
c per atom. We will refer to M = N mz

c as
the total magnetization of the material.

we have

mz
c = −∂F

∂B

mz
c =

1

β

ln
(
sh(x)
x

)
∂B

mz
c = m0L(x)

where L(x) = coth(x)− 1
x is the Langevin function.

At high temperature, L(x) ∼ x/3 and we recover the Curie law.

At low temperature, L(x) ∼ 1− 1/x. The system progressively gets magnetized.
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ε = εt + εv + εr,

���
z =

∑
etat

e−βε =
∑
t,v,r

e−β(εt+εv+εr) = zt zv zr.
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zt =

∫
d3qd3p

h3
e
−β

p2

2m =
V

λ3
∼ β− 3

2 ,

���

< εt >= −
∂ ln zt

∂β
=

3

2
kT

��

Ct =
3

2
k.
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zv =

∞∑
n=0

e−β
(
−u0+(n+ 1

2
)�ω0

)
= eβ(u0−

1

2
�ω0)

1

1 − e−β�ω0

=
eβu0

2 sinh β�ω0

2

.

!��

< εv >= −
∂ ln zv

∂β
= −u0 +

�ω0

2

tanh β�ω0
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Cv =
∂ < εv >

∂T
= −kβ2 ∂ < εv >

∂β
= k

( β�ω0

2

sinh β�ω0

2

)2

= k

( Tv

2T

sinh Tv

2T

)2

,

�" Tv = �ω0/k �	
 �� 
������
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���	 	��
 �����	� ���	 �� $������� �� �����
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��� �� ��������� *

Cv � k.

� ���#��� T → 0 �β → ∞� *

Cv � k(
Tv

T
)2e−Tv/T

� k.
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εr =
1

2
I(θ̇2 + φ̇2 sin2 θ) =

1

2I

L2,

�" I = mrd
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H =
1

2I

L2.
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zr =
∑
l,ml

e−βεr =

∞∑
l=0

(2l + 1)e−β �
2

2I
l(l+1).
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∫ ∞

0

dl(2l + 1) e−
Tr
T

l(l+1) =

∫ ∞

0

dx e−
Tr
T

x =
T

Tr
.
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2I
(p2

θ +
1

sin θ
p2
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zr = 1 + 3e−2Tr
T + ...
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ln zr � ln(1 + 3e−2Tr

T + ...) � 3e−2Tr
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< εr >� 6kTre
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Cr � 12k

(
Tr

T

)2

e−2 Tr
T ,
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z =
V

λ3

eβu0

2 sinh β�ω0

2

T

Tr
.
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p = −
∂F

∂V
= kT

∂ ln Z

∂V
= NkT

∂ ln zt

∂V
,
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PV = NkT.
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z =

∞∑
n=0

e−β(n+ 1

2
)�ω0) = e−

β

2
�ω0

∞∑
n=0

e−nβ�ω0

= e−
β

2
�ω0

1

1 − e−β�ω0

=
1

2 sinhβ�ω0/2
.
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Z =
1

(2 sinhβ�ω0/2)3N
.
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< E >= −
∂ ln Z

∂β
= 3N

�ω0/2

tanhβ�ω0/2
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F = −kT ln Z = 3NkT ln(2 sinhβ�ω0/2),
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S = −
∂F

∂T
= 3Nk

(
− ln(2 sinh �ω0/2kT ) +

�ω0/2kT

tanh(�ω0/2kT )

)
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