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1 Homework

S

6 tutorial sessions

(including one in numerical simulation)

By the end of this lecture, students will be able to...
* Evaluate nonlinear interaction performances/efficiencies under approximations
that should be specified, explained and justified (T2)

By the end of this lecture, students will be skilled at...
* deriving and solving the nonlinear wave equation in a parametric situation under

the undepleted pump approximation (S3)
* Determining the phase matching conditions for a given nonlinear interaction and

achieving/fulfilling this condition by exploiting birefringence properties of
materials (S2)

By the end of this lecture, students will understand ...

* Nonlinear optics is an essential tool to create novel optical frequencies(U4)
generated through the interaction of incident beams within nonlinear materials
* Nonlinear effects are subject to phase matching conditions (U5)
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e 2nd ORDER NONLINEARITIES

— The Manley-Rowe Relations
— Three wave mixing in y?) materials

— Second Harmonic Generation
e Phase matching consideration
e Reminder : propagation in a linear anisotropic

material

e Phase matching condition in birefringent materials
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General description of the NL interaction of 3 waves @ ®»;, ®,,
and o5 (with ®w;= ®;+ ®,)in a 2nd order NL lossless medium :

(2)

01,
w2, X
3 —
I = 2ncel A?
—kaz dI3(Z> 2 * _1Akz
ks , = —&-zeow;;xif)fAlAgAge Akz 4 c.c.,
dls(z N
_Zktzz, ;i ) = 7%60W2X£3¢)fA1A2A36 Ak + CO,
dl(z N
—tk1z clii ) = —zeowlxg)fAlAzA‘ge Akz 4 C.C.,

Lossless material :

Full permutation between the
indices of the susceptibility tensor
Purely real quantities

and reminding that m;= ®;+ ®,

=0

dA z W+
3( ): 3 eS'PNL(Zaw3:W1+w2)€
dz 2egnsc
dA2(Z) W9
= . P _ N ,
dz 260n2062 NL(z, w2 = w3 —wi)e
dA;(z) w1
= N P = _
dz 260’[’2,1062 NL(Zawl w3 (,d2>e
2
Xéf)f =2es3 .§(2) (W‘s;wl,wz)eleg
=2 ey .é(Q) (wo; w3, —w1 )eser
=2e -2(2) (w15 w3, —wa)eses.
dz
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1- The Manley-Rowe relations

General description of the NL interaction of 3 waves @ ®;, ®,, %L» X(2)
and o5 (with ®3= ®;+ ®,)in a 2nd order NL lossless medium : o e~
dl3(z) n dl(z) N dli(z) _
dz dz dz
dll/w) d,/w,)  d(I;/w;)
dz dz dz
d(N,+ N,) _ d(N,+N,) _ d(N,-N,) _0
N N dz dz dz
] h(01 h0)1
hos; Aoy he P creation/annihilation
2
| ‘ The annihilation (a) (or the creation (b)) of one w;
photon must be accompanied by the creation (a) (or
(a) (b) the annihilation (b) ) of photon and one ®, photon
Consistent with quantum-mechanical interpretation
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2 - Three-wave Mixing Interactions
in a y(2) material

2,
N Nonlinearities in y(?) leads to 3-wave mixing
a)3- X(z) interactions. They are governed by :
— * Energy conservation law
w1
hwl + hwz = hwg
| N, hc01“ The annihilation (a) (or the creation (b)) of one w; photon
4 ho must be accompanied by the creation (a) (or the
Nws 3 annihilation (b) ) of photon and one ®, photon
No2 Ao,
Consistent with quantum-mechanical interpretation
(a) (b) * Phase-matching condition = Law
of conservation of momemtum
—_— k—)
kl \2 k1 + k2 - k3
N (Important : vectorial relation)
k
3
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Sum-Frequency Generation (SFG)

“ (2) — e has
\ hay

1<

(2]

Second Harmonic Generation (SHG)

mp| 7= }

1<
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Optical Parametric Fluoresence
(2) - ha)3 hab
S @2 haw,
Optical Parametric Amplification (APO)
“ @ h&)g
- o
s o ha;
Optical Parametric Oscillation (OPO)

-wz haw,
?[ ]-0)1 hwg ‘ '
ha,

@3

-—

Ille<

~ [ 2

—

1<

(2)

[11e<

e 2nd ORDER NONLINEARITIES

— Second Harmonic Generation
e Phase matching consideration
e Reminder : propagation in a linear anisotropic

material

e Phase matching condition in birefringent materials
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2nd Harmonic Generation

Assumption : Lossless medium

N
(D_> X(Z) — " o | 20
I > 20 l
1. Undepleted pump approximation regime A (z)=Cste
dA;Z(z) Y
dA(Q;;(Z) _ 2;(;‘;’363% ) PNL(z,zw)e—Zkzw-z

Pyi(2,20) = cox® (w0, 0)E(,w)E(z,0) o [dAgw(z) _ ) @ (z)eZAk"ZJ

dz " 2nauc
— eoxm) (2w;w,w)ewewA3,(z)eﬂk“"z -
Wavevector missmatch: Effective nonlinear susceptibility
2
Ak = 2k, — ko, xéfg = ey -X(Q)(Qw;w,w)ewew
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2nd Harmonic Generation

1. Undepleted pump approxim

(2w)?

2
Solution : Intensity evolution _ @) P e (AF L
- y T2 (2) 2e9n2 ng,c3 Neft | SHH 9 © (AKk)2
Field intensity : (2w)? 2
I = 2n660|E0|2, = W ‘Xéﬁ) SlIlCZ(Akz/Q) IU% 22

por

SHG efficiency : @SHG _Dhw _ (w)?

I,  8egnZng,c?

2
sinc?(Akz/2) I, 22]

— Ak=10/L —— Ak=5/L —— Ak=2.5/L —— Ak=0

0.15+

0.10 -

1y wllw

n=

0.05 -

0'00 _I 1 1 1 1
0.0 05 1.0 15 20
zZ/L
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2nd Harmonic Generation

1. Undepleted pump approximation regime
—— Ak=10/L —— Ak=5/L —— Ak=2.5/L —— Ak=0
SHG efficiency : o
: Ak =0
3 0.10;
Eh!
0.05
0.00 -—I : : : ‘
0.0 0.5 1.0 15 2.0

Conclusions : "

* Non-phasematched situation : generation @ 2@ occurs on a typical length
L.,,=7t/Ak, called coherent buildup length (coherence length)

* Intensity @ 2w is proportional to 1,2/ Ak?

e The conversion efficiency I,,/ 1,is proportional to /, (need to focus the
beam @ w to increase the efficiency)

e Efficiency Max. : requires to fulfill the phasematching condition: Ak=0
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Phase matching condition

About the difficulty to achieve the phase matching

condition :
In general, the refractive index for lossless materials shows a NORMAL
DISPERSION : the refractive index is increasing with the frequency

3 —/ Case of 2"¥ Harm. Gen. :
= Phase matching condition im

! é){ies :

T T n(w)=n(2(6)655\3\'
Frequency (w) \
The most common procedure for 3 Mo
achieving the phase matching condition: | € __7'/ Ne
Use of birefringence properties of (:, 25» >
P crystals. Frequency (w)

|
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Phase matching condition

The most common procedure for achieving the phase matching
condition :

=? Use of birefringence properties of crystals.
Type | phase matching
A

Type Il phase matching
A Ny
g g _/ Ng
< Negative < - o e
: uniaxial crystal ol
== pagues { S
w 2w -
Frequency (w)
1
3 . P93|t|ve 3
c uniaxial crystal S
Reminder :
Frequency (w) Ne=Ng=r/2 Frequency (w)
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Lecture 4 - Content

e 2nd ORDER NONLINEARITIES

e Reminder : propagation in a linear anisotropic
material
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Linear Wave Eq. in an anisotropic material

* Maxwell's equations
no free charges, no free currents, nonmagnetic

VXS:—@ V.- D=0 =% V-D=1k-D=0 kLD
ot -
oD

VxH=2 V-B:O,QV.H:Zk.H:0| kL H

ot
Dw)=¢E B=pH

Poyntingvector: S=E x H
kL D
SLE

H

a : walk-off angle o : walk-off angle
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Linear Wave Eq. in an anisotropic material

Wave equation

In the time domain
1 9°E d?P

Et)+ =22 — 25
VXV B+ 55w = ~hgm

In the frequency domain

2
V x V x Ew) — c;’—QE(W) = w2 P(w)

The complex field amplitude of the plane wave is defined as

Polarization vector
E(w) = E(w)eZk
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Linear Wave Eq. in an anisotropic material

- ]
. w2 - -
Wave equation kx (kxe)+—¢gw)e=0 k = |ks
2=
gxx gxy Xz s = (Sx7sy’sz)
e=le, ¢, €, Unit vector
Dw)=¢FE
- € £zy £,
)= <1 +é(1)(w)> New coordinate
system
e, 0 O
_ Principal .
e=|0 ¢, O incip Fresnel’s equation
axis system
0 0 g, 9 9 9
S S S, 1

T Y
+ + = —
n?—nz n*-n2 n*-nZ2 n?
(in the principal axis system)
ny ny, n,are the principal refractive indices

For any direction of propagation, two waves can propagate
(independently) with phase velocity v, = ¢/ny and v, = ¢/n, where
n4 and n, are solutions of the Fresnel's equation
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Linear Wave Eq. in an anisotropic material

[ o ]
The index of ellipsoid : method to determine the refractive indices and the
related directions of the electric fields
. . . . 1 1
The electric energy density stored in a medium  we = §E -D = 3 ZEkekjEj
Jsk
2w, = exx E% + eyy EY + ez2E% + 2ey 7By Ez + 2ex7ExEz + 2exy ExEy
=» The surface of constant energy forms an ellipsoid Exx,€yy,€zz >0

In a lossless material
=¥ In the principal dielectric axes, the equation is
2 2 2
reduced to W, = €gp B2 + €nyy + €., E?

The constant energy surfaces in the space
(Dy, Dy, D) form ellipsoids defined by:

New variable :

r=2D 2’11)660

It defines the index of ellipsoid equation that is used to determine, for any direction
of propagation, the two refractive indices and the associated direction for D
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Linear Wave Eq. in an anisotropic material

The index of ellipsoid : =D weeo 33_2 n y_2 n z_2 1

It defines the index of ellipsoid equation that is used to determine, for any direction
of propagation, the two refractive indices and the associated direction for D

The two axes of the ellipse formed
by the intersection between the
plane perpendicular to §, the
direction of propagation, and the
ellipsoid, are equal to 2n, and

2n,.Their related field Baand Bb
are parallel to these two axes.
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Linear Wave Eq. in an anisotropic material

[ o -
Mz = optical
Case of an uniaxial crystal 1

It exhibits two identical principal refractive indices
:n,=n,=nsandn,=n,#n,

2 2 2
Yy
— + — + —3 1
nO nO ne
) sin ¢
n, - _O_rdlnirx\ﬁaxe_v!ith eo =| —cos
polarization state 0

n, Extraordinary wave with —cosfcos
polarization state eg =| — cos fsin ¢
sin 6
1\2 cos 0\ 2 sin 0 2
PR — _|_
] o Ne
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Stationary Nonlinear Wave Equation

Nonlinear wave equation at steady state
DogF+P
Nonlinear dielectric material .. _ Nonlinear polarization
P=F + @

- . -
P (w)=¢, X=) (w)E(w)
Wave equation in frequency domain including a nonlinear polarization:

2
VxVxErw)= %g(r,w)E(r,w) + W o PNE) (1, w)

Steady-state solution of the form: E(r,w) = A(r)e’k're

w2
— |k x (kxe)+ c—2§(w)6 A(r)

+1[VAx (kxe)+kx(VAxe)]+Vx(VAxe) = —wz,uoPNL(z,w)e_'k'r
INSTITUT i
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Nonlinear Wave Equation

w2
— [k: x (k x e)+ c—zg(w)e A(r)

+1[VAx (kxe)+kx(VAxe)+V x(VAxe) = —wzuoPNL(z,w)e_’k'r

—

« Simplification: E=E +E,=E . +E

ordinary extraordinary

e

Eigen polarization states of Fresnel Eq. :
2

k:><(k:><e)+w—2g(w)e=0
2=

— —

* Slowly-varying amplitude approximation :

924 Slow variation of the field
k—I\ > amplitude on a typical length of

or; 0z;0y; the order of A
INSTITUT i
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Nonlinear Wave Equation

VA - [(k x e) x €] = w?ngpe - HNL(z,w)ezAk'T
where Pnyr(2,w)=1IInL(2,w) ezkp(w)-’r

* Now, vector [k x (k x e) is
parallel to Poynting vector

—_>
Wave equation in the coordinate
. - H
system (D,H ,k) a : walk-off angle
0A 0A w? o Ak
—tan a + = e My (z,w)eerT
Oor 0Oz 2kcos?a NL(Zw)esy
Wavevector
missmatch

o : walk-off angle
INSTITUT i
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Nonlinear Wave Equation

* Neglecting the walk-off angle, form for wave equation :

* 04(z) _ _w e- Pyp(z,w)e ™*?

* 0z 2ene Pyi(zw) = Iy (2,w) eR?@)T
* 81;22) _ 262;‘:208 TN (2, w)e— "2k
A(w) Slowly varying electric field amplitude of wave ®
f’NL (w) Complex amplitude of the nonlinear polarization at o
e Polarization unit vector of the electric field
n Refractive index at frequency ®
w Frequency (in vacuum)
Ak = s k Wavevector missmatch : difference between the wavevectors of
_ the NL polarization and of the electric field
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e Nonlinear propagation of waves in an anisotropic material

can be treated as the propagation in an isotropic material by
priorly decompose the incoming field other the eigen

polarization modes, the ordinary and the extraordinary fields.

e Energy transfer condition :
- phase matching condition Ak=0

- Non-zero projection between the electric field and the NL

—

polarization ¢.P,, =0
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e 2nd ORDER NONLINEARITIES

— Second Harmonic Generation

e Phase matching condition in birefringent materials
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Phase-matching condition in birefringent
materials

Example : Second Harmonic Generation
The fields at w and 2w are decomposed into the sum of ordinary and
extraordinary vibration modes :

E(w) = Eo(w) + Ep(w) E(2w) = Eo(2w) + Eg(2w)
E,(w) = A,(w)esexpi(k,(w).s) E,(2w) = A,(2w)e, expi(ky(2w).s)
Ey(w) = Ap(w)eq expi(ko(w).s) Ey(2w) = Ag(2w)eg expi(kg(2w).s)

Nonlinear wave equations :

o) olsWw (2w —1 w). With .

AagQ ) - 2607’53(2)(4))060'?]\11/ (2(.4})6 k°(2 )S |

Py (2w)=P,, (Qw)elkp(Qw).S
A (2w i(2w — o).
oag ) = QEQTEQ(Q)W)CQB.PNL (2(4))6 kg(Q ). 8
Ve
Phase matching condition : ’o/’ia/
I’e/
(ST H
kp(2w) = ko(2w) OR kpr(2w) = ko(2w) [Ioh}
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Phase-matching condition in birefringent
materials

Example : Second Harmonic Generation

Py (2w) =€ (2) (ww)E(w)E(w),
= ox® () [Bofw) Bolw) + Eg(w)Eo(w) + Eolw)Eo(w) + Eo(w) Bolw)

[l=<_Ill=<

Type I: :
kp(2w) = ko(w) + kg(w) = ko(2w)::> ng(w) = ne(2w)

kp(2w) = ko(w) + ko(w) = kg(?u})i:> no(w) = ng(2w)

Collinear interactions

Type II: i
ke (2w) = kp(w) + ko(w) = ko(20) :F> no(w) ;L no(@) _, (2)
1
1
kp (2w) = kp(w) + ko(w) = ko(2w) :5 no(w) ;L no(@) _ o(2w)
| o o o o o o o o o o o o
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Phase-maiching condition in birefringent

L materials
CONCLUSION

=? Use of birefringence properties of crystals to satisfy the
phase matching condition.

* Phase matching condition can be fulfilled by playing with the birefringent
properties of the materials

* This condition to be satisfied sets the polarization states of the
interacted fields.

* Note that in some cases, it might be impossible to find a proper phase
matching configuration
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Phase-maiching condition in birefringent
o materials

CONCLUSION =? Case of SHG in uniaxial crystals
* In a negative (positive) uniaxial crystal : the 2w wave is necessarily
polarized along the extraordinary (ordinary) direction

Type | phase matching Type Il phase matching
A A n

[0}
Ng §, 0
. . c .
- uniaxial crystal -1
1

n(w)

—_—’

-

v

A 4

-_.‘I_—”
w 2w
Frequency (w)

A Ne
Positive 3
uniaxial crystal <
Reminder :
Frequency (w) Ne=Ng=r1/2 Frequency (w)
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