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Fresnel’s equations and applications: Fabry-
Perot interferometer, Bragg mirror ( A B
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Matrix optics: thin lens of focal length f 1n air
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Matrix optics: sphercial mirror of focal length f

R > 0 for a concave mirror
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Matrix optics and an optical system

M M, o M.,
— 2\ 37L(000)ATn—>

I )

Ateadion 2 lo-doc |

vO'le 4 :Mn M,'
VO"'& 2 M| M“




Matrix optics and cavity stabiliy
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Plan of attack for investigating cavity stability

==

1. Find eigenvalues of (general) round-trip matrix M, A

I+

2. Find corresponding eigenvectors r, | |r

3. Express initial ray |I; | in terms of these eigenvectors

4. Find an expression for |1, | in terms of these eigenvectors and

eigenvalues and examine it.



Find eigenvalues

1. Find eigenvalues of (general) round-trip matrix M, A,
A B A—\ B
oy = det =0 AD —BC =1
C D C D— )\

A+D
2

A, =mx~/m’ =1 with m =



Cavity stability: steps 2t0 4 M, P, = X, 7

2. Eigenvectors: Mg, =Ar, 3. Let I,=ar, +br
M, r =Ar
= n " J n ~
4. %|=? r,= ,/l/lM F z"lh& Ty F /Vl,(, b r_
= )\: & r:‘*. + >‘: b r_
Condition for stability? ! / >‘+ / < /’7
il D
- 2
Recall: /]i=mi\/m2—lwithm:A-l2_D —lsm=l1 / 1—- /e 4
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Stable cavity

n n+1 n+2 n+3

A B <
C D

r =ae"’r, +be”"’r_=r,cosnf+s,sinnd
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K } *  Unstable cavity

A.|>1or ‘/\_‘ >1 ot =Mgr =My, (ar, +br) =akr, +bAr.
A, =m~Im® —1 with m = A;D
A+D
Let m= =+cosh @

(\O)

A, = cosh @+ +/cosh> —1 = cosh H+sinh 6 = ¢**

r, =alr, +bA’r. =a (iee)n r, +b(ie‘6)n r

‘m‘>1
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n+2

Unstable cavity
n+1
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Example: Cavity with two spherical mirrors
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Example: Cavity with two spherical mirrors
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Goals for lecture 3

* Dispersion
— Where does it come from?

— What are its consequences?

* Propagation of pulses or wave packets in dispersive
media
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Introduction

* Dispersion occurs since

—

—

to an electromagnetic wave.

<a medium cannot respond instantaneousD

e The response of a material to an EM field must be

that existed in the | past

but not on those that will exist in the

1 Cw)

causal |i.e., it can depend on values of the field

future!

/7 Pe/ 4‘5

* Consequence: frequency dispersion and energy dissipation

are intimately related.
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What 1s the origin of dispersion?

If we accept the electromagnetic theory of light, there is
nothing left but to look for the cause of dispersion in the

Cn?olecules of the medium @
endrik Lorentz (1878)

Nobel prize (1902)
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Convolution:

CA(0u()](0)= [ o £(t-1)e()

g(1): excitation

f(t): (non-instantaneous) impulse response function of the system

t o

_

.

f(t) t
k >

!
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Convolution: excitation +
system response (linear

system)
f(t -T7) ? Q(T)

A

!
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” P . . S AT Leasta
What 1s the origin of dispersion? 7 ;-

dql Cour..,.-'

E > 9 " eredgt E>'<'ample: Conductivity OE g ’..:'-
on L (u-—\Jdc",'l ) ef P& f-c’s 's'/-\v.'Jc/
n ¢ N\
0~ >t "rcpons A Causality: can only depend on
dv sysdcwe j(l‘,l‘) = ar 0'(2‘ —t')E(I‘,t‘) (4.1)  values of the field that existed
« U~e M»,J’S»o.\ —oo in the paSt
Let7=¢-1 Build causality into the conductivity! Define
o(r)=0 for 7 <0
J(T) —»0Ofor7 > o0 Distant past has no influence.

(00

# j(r,t):_[dt'a(t—t')E(r,t') 5 convolodianl
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Fourier analysis

https://commons.wikimedia.org/wiki/File:Fourier_transform_time_and_frequency_domains.gif
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Fourier analysis for non- penodlc functions

- k . ,— -_— ( «/ t
- g, e +(C.
espace gy Frigree | fy=-1 [ FoobSk
SP*-"'"“,C 277_00
— %
X £k, f) = [ £0dDax Fourier
; /=S a _ transformations
gy 2 -
s (@
écwfs (=) (,"Z‘J""< f(t) _2___[odwf (C())
+¢M'°/¢”c .
[ o= 206 w =0__[odtf(t)@
L L)

Note: signs and position of 1/(2) is a matter of convention.



Fourier transforms

A physical interpretation

s the power spectral density of the function F(7), 1.e., it

ellsus how much power is present at each frequency

400-
350-
300-
250+
200-

0/

50+
100+
150+
200+
250+
-300-
350+
-400-

Fréquence [kHz]

v
E
]
Q
6
=

I I I I I I I I I \ I I I \ I I I I R e B B R B H e B R B R
00 06 12 19 25 31 38 44 50 56 62 69 75 81 88 94 100 0,00 012 025 038 050 082 075 088 1,00 1,12 125 1,38 150 1,62 1,75 1,88 2,00

24



Some properties of Fourier transforms

Widths

Suppose that for F(r) and F(w) : j dt =0 and j d w=0

Suppose that F(¢) is normalized: T|F | at=1

Then: |AtAaw=>n
/

The larger F(¢) the \' \
narrower F(w) and

vice versa .

-/ t
———  ——PARSEVAL-PLANCHEREL theorem:

A

8“

bk

TReLR@T @ | AlalF (@] do
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Some properties of Fourier transforms

Derivatives and the Fourier transform

( :%;(t)\ﬁ—in@

o)

itF (1) = %F(a})

Fourier transform of a real function:

F(t)OR= F(-w)=[F (a))]
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Some properties of Fourier transforms

|

F(w):\/ﬁaexp(—wzzazj Cawsss.en

F(t)=exp(—2i ]

(-ie)" F()

dew

1" (£)| e (_,-ijn (@)

iF(a)/ a)
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Reciprocal spaces

Time < (temporal) frequency

Position ) spatial frequency

Miguel Covarrubias,
http://www.loc.gov/pictures/item
/acd1996002431/PP/

I think you are my
reciprocal space
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Dirac delta function

A

o(1)

<>

2&

Fourier transform:

1/&

)

0 tZ£0
5(”:{0”:0

1= ]2 o(t)e™ dt

o) = 1 T e dw

(277) =,

Area=1

]o o(t)dt =1

o(t) = o(-1)

j A(t) £ (t)dt

= 1(0)

[ at~1) f@ydr = fz,)
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Recall: Fourier transforms and the convolution
integral

In general:

(0) = [t /() 6| et | £(c0) = [ ot (1) 6

mJ IJ"p ’r’t:.”"dﬂ

- /[
[f(t)@g(t)](t):_jdr F(t—1)g(T)| ey f (o) (w)

“The Fourier transform of a convolution integral is equal to the product of
the Fourier transforms of the individual functions”.

(2 ()% ()] et [ (@) Cel)](@)= | o F{e0- ) o)

—




((0“/’<&e>

Fourier transform pairs

(0]

%’(a)) = j o(t)e'™ dt

—00

/ cownmw & ‘l/7"“"““ -

se/(ﬂ"‘ cc ZJ,QA =

3

E(l‘t _i]i-ia;dw ouw Sat shl
’ 277- / S"\7."|~ J‘ le.,

(Omg".‘ow eV é‘(

Sa TE
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Non-1nstantaneous response of a dispersive
medium

(00

j(r,t):_J;dt'a(t—t')E(r,t')

l Fourier transform

j(r.w)=0(w)E(r,w)

o(w)= g (w) +io"(w)

What can you say about the symmetry of the
real and imaginary parts of a7
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Properties of the real and imaginary
contributions

Recall: 0 (1) isreal U(t) =g (t)

From the definition of the Fourier transform:
w > -«

—zi j [0’ (w@ic"(w)] E“dw= 0" (1) :%TT [0 () Eio" (W) Hdw
—o0 — (& | ¢ N _)’ut
_ S [ — ]
_fnf.ip (-%) Co’(—‘v)e dw

'
Sl W) = o (-0 = PAIRE

') = —o'(-w) = T amb4airE

[} Ml.? : Q‘.:fc

Change w to — w 1n the second integral and conclude!
33



Non-instantaneous response of a dispersive medium

g (a)) even
0" (w) odd

ole)or=0(-0)=0 (6)=

A

Same conclusions for 5(60),,[1(60),)?(&),5(&) ;
All are complex and depend on the frequency.
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And what if dispersion didn’t exist???

What happens if the response is the same for all frequences?

ie. G(a)=d| ~const

l (inverse) Fourier transform

| o |

&

Instantaneous response--

MUST exist

J

- N

iImpossible! Frequency dispersion

=2

l

A oo

o —iwt _ A
Y je do=60(r)

—00

o(f)= i [ e do =

2708(1)

!

-cA lo"

INSTANTANEOUS RESPONSE OF THE SYSTEM

dw



Next: Classical models for frequency dispersion:
Terovver 'qC"'/)

the Lorentz model 220 a4 cie cbeipue

C‘.S 0’6-\‘,’)

Basic idea: the movement of the (bound) electrons in a material

is that of a damped, driven, simple harmonic oscillator

a,

Bl

f
g

Ww

“electron”

@ resonance frequency

X I': displacement from equilibrium .
damping constant

( “Nucleus” |
m: electron mass g
~— -

: a\lﬁo’ 4'.559 g n ¥ ,
'Fo/&( Je -s f"e

i

m—-+ml —+mar =—e
dt dt 3

Drude model for metals!!!

And for “free” electrons? == No spring! ==

VTR 2
dr dr | e e
afr=-eB 3 [,

36



[Lorentz Model

r dr
m—+mr—+m r =—cE| (4.45)
dt* dt a)oz

Consider a steady state regime:

Monochromatic field E (t) = Eexp(—imt)+c.c. (4.46)

Expression for displacement: r(¢)="Rexp(—iwt)+c.c.  (4.47)

Plug (4.46) and (4.47) in (4.45) and solve for R !
KN Q N
_,me& ——(“J)—.(R_ +W‘U}@:’ -'22

<+ - >
¢ 5 D d.pd R - —e/m

z - S 02 2 -
' P= g F W, — 0" —iol

r
Dipol t er(t) e /m Eexp(—iwt)+c.c
ipole moment: =- = — C.
P P w, —®° —iol P




n2(w) = €L Lorentz Model T me~snd dipelaioc oo

vVau. 'e.' Aa Vc)lu g

eo 2 /
Dipole moment: p=-—er(f)= cm

> Eexp(—iot)+c.c.

w; —0° —iol

Polarization (electric dipole moment per unit volume): [is
o e’ I m . ~ 'y
P= np(t) = : E exXp (—la,t) +c.c.  (4.49) n: number of electrons per
wj - —iad unit volume
~ 2 £ .e( Je «ce
Recall: D=c.E+P =°cE  Use(4.49)in this expression Let ¢ = ne . T
,-9— ( ) P &,m p “S i a
D Solve for 2 (w) = e\w
~ 2 — his n is the
L Eo W _ - £
Co € + ° ’ E‘ = € E ' "Tindex of
Dol -2 M refraction!
Mode le

c.‘c LoseA 8
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[_orentz model

Complex index of 2 (w) _¢€ (CU) — 14+ w; WF = fie’
refraction £, W - —iad Pogm
An >O a'.SPe’S-.OV\ “wb’w«la
dw s dispersion "eamoerml’ Real and imaginary parts
J f
[ 40 n
\ £
(ANV4 - 8’(&)) wz(a)Z_wZ)
o =1+ 2 - 202 22
N & (a)o—a)) +w
u—tn"-c‘(onsJ' 0.- E" C()) _ 0),2)0.1_
lo. A .,[-\e B 2 2 2 22
Ie:fov\qv\(c £O 80 (C()O W ) +a) r
—4 —2 0. 2 4.
w — Wy

Almost Lorentzian if [ <<




Dielectrics

Frequency dependence of the permittivity

+
E=E'+i8“ {A\j \I»b All""".zucs
A

g' dipolar T

®
< |
©

L I I I
103 10° 10° 1012 10%°
fmicrowaveLI infrared W/IS IJUVLI
Frequency in Hz
Wikipedia
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Comparison of the Lorentz model with data

N
3F Si0, .
n'(w) [ / 3
2:F ]
. ! A -
Silicon 1L A
B "
T T T H ! T
. Silicon : Lorentz P it shasul i N
| | Y 102 Ao13 1014 | 1015
| I 1 :
- | it @ (Hz)
U I
| | [}
g’ | /i . .
/EJ i 4NN Vibrational
¥R | excitations (IR)  vigjble
E /| |
0 = ' 0 nE :
| | ! ! Electronic
| | ! . .
i : ' L \/ excitations (UV)
0 5 10 0 4 3
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Frequency dispersion and energy dissipation

Poynting
theorem

oD oB
&rlE-—+H — |=—|drj,-E-|d’rV-(ExH
j( 0 atj Jari B ary- (B

-I}/ CoerCXt-S

D(r’a) y g(a,‘) (r’a) Lecture notes pp. 76-78
AlwH(r,w)  or Zangwill p. 627-629

jd3r(E|3%—]t)+H BjZld3rquM(t)+£d3rQ(t)
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Frequency dispersion and energy dissipation

For ¢

frequ

Q

Energy dissipation occurs when the
Imaginary part of the permittivity is
non-zero.

(S}

0= s AETOIIEC + 5 L I
()= J)E(F ) @) ()]

a
o

ui ;Zfléw

w, «w
aw 21

)

}

Is it possible to have &'(w)=0
when ¢ =¢(w) ?

Upnm (f ) is the total energy per unit volume (transiently) stored in the medium

0 (t) is the rate of energy absorption (per unit volume)

a—

L%?e/'#es
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The consequences of causality:

<_Kramers-Kronig relatio@

T SN—

s /
. S-USCf/Lb le

Recall: P=gxE; e=¢(1+)) clct-gwe

In order for causality to hold:  P(r.7)=¢, T dr x (t —t')E(r,t')

We can write

X =0 x(1)

L

. 1 » .
Y(w)= Z—G(w)@)((w)
Tl

O(w) = (W) +p.v.i

4,
e
(_,Cﬂ VOI(J’

with | XY(7)=0 for 7 <0

1 O
Heaviside function
A >

0 t

P’ vcyale
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Cauchy principal value

f(X) c-¢
L\K,./ i ] (e
a b
C b X >

lim j f(X)dX: +00

cte

c—€ b b
Q 35251[ j f(x)dx+C-Lf(x)dx):P!f(x)dx
N — ® Cauchy principal value integral (if finite)

Lo ] _pf8lx)
p.V.x. _L[p.v.xg(x)dx—P:[ "

dx




The consequences of causality:
Kramers-Kronig relations

Recall. P=gxE e=¢(1+y)

In order for causality to hold:  P(r.7)=¢, T dr x (t —t')E(r,t')

with | XY(7)=0 for 7 <0

We can write | (1) = O(t) x(t) 1 (1)
ll Heaviside function
X(w) = >, 9@) Ox(w) A -

A 0 ot 4
O(w) = M (w) +p.v.— L) "E:;, L d’j §(w-w') 1‘“')4“5]1
., o
r X L ¢ P S. % (o) Jwi)

WV -’

-a(w)

v\ a
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The consequences of causality:
Kramers-Kronig relations

Recall. P=gxE e=¢(1+y)

X()
w—

— f(@)==P [ dd
T —00

=

<?(w _ 1 73]0 dw(x”ga)') Kramers-Kronig relations

-’
@a) ) Link between real and
470)) = —PJ do’

imaginary parts

€, g ..

L



Interpretation of the Kramers-Kronig relations

If €'(w) is not constant anywhere, £ () is non-zero everywhere

1.e., frequency dispersion in any interval of frequency implies that
non-zero absorption occurs in every interval of frequency

Conversely, frequency dispersion occurs everywhere in frequency
if absorption occurs anywhere in frequency.

Why is there this intimate relation between
dispersion and energy dissipation?
, X (@)
w—w'
X' (@)

| =
X' (@)=——P | dw
:go (1+X) T J

x” ()= —PI dw

’

() el ()
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Frequency dispersion, absorption and causality

Wasenackoet Inpln f I\ [\ [\ n [\ A A
Medium must introduce phase shifts (1.e.,

frequency dispersion) into all waves 1n packet
so that there 1s destructive interference for t<0

Assume Component A B

material absorbs \[\ /\ /\ /\ /\ /\w: )
only for ‘ \/ \/ \/ \/ \/ \/ %
w=a)

0

Output i (\ A-B
Resulissignal /N /N /N N I /\n O\
etore t=0 !!! U \/ \/ VU\/\J U \7\

Time———

Zangwill, p.651
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J"Ov\lc Jams (A‘\l.,l.tu C‘J'.$f¢¢ sl"[:

Short light pulses

F‘« zu Q—'I'

Pulse as a function of time

|

I I think you are my
n reciprocal space

Frequency space

— T~

v
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Consequence of dispersion
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Pulse propagation

o o1

> “e
Z onde
_ _ _ —iw,t g _ LVYVas-
E(z=0,)=&E(z=0,1)e i +c.c.=E"(z=0,1)+c.c. o o =
e Wy Analytic signal Chrowad Ve
P\IISC“ A [——-) l,"‘P\’ ’S"a-‘
(PA'S I i f") +,.°f "
Central %) covr te
frequency Aw
, >
o w

Pulse as a function of time Frequency space
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Pulse propagation

z2=0

E(z=0,0)=E(z=0,)e " +c.c.= EP(z=0,1) +c.c.

Example: Gaussian envelope &£(z =0,7) = E,exp [—

(7

E™(z=0,t) = E, exp(—

t2

201

l Fourier transform

4

2N

2

2

J

A

A o —_—
L
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Math review: Fourier transforms

F(1 :exp[- ’zzj —_— F) :Jﬁmexp[-%J

U F (1) s | F (0 )




Pulse propagation

—\

E(z=0,0)=E(z=0,1)e " +c.c.=E(z=0,1)+c.c. =2

Example: Gaussian envelope £(z = 0,1) = E, exp (_

FT

~
.

4

2 .
e—la)pl‘
20,

E™(z=0,0) = E, exp(—

(«-e,)

AW

J

Iy

t2
20t j

/1

E =\2nAt E

Eo=rm]
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Pulse propagation

As we will see when we study diffraction, we can write an expression for the pulse at

the entrance to the dispersive medium as a sum of monochromatic plane waves Aw 2¢/
o Wy
(+) 1 —ix 7 (+) T
E (zzo,t):—jdwe E(z=0,w) 1 «
21T ”
v,

Each component propagates with its own wave number / k(w) 3 n(w)j>
C

—

ED(z,1) = 1 j dee ET (7 =0,w) @ | (4.73)
27T 7 —d

P

Assume wave packet is sharply peaked at Cdp

|

=== Taylor’s expansion of k(c) around @,

(to second order)

Dispersion: k(a)) = n(a))g = k(a)p)+(a) _ wp)ﬁ

- — =
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U, - dw Pulse propagation
dle 'w=wp

: : ) dk 1 > d’k
Dispersion: k(a)) = n(a))? = k(a)p)+ (a) — a)p)% N + E(a) — a)p) e (4.75)
(E—— m—
k(@) =n(w)Z 17y, A,
dic _ duy ¢ Group velocity
iv o = + Z‘ﬁ L = c _ c , — dispersion
g n n | (4.76) _
n+a—) n—-A— I (4.77)
4 da)) i du,
Group velocity
Substitute (4.75-4.77) in (4.73), evaluate integral!!!
17D

E® (z,1) = 1 j dee E® (7=0,w)e" ¥ (4.73)
21T
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Propagation of a Gaussian pulse

EV(z=0,w)=E, exp{—

(w-a) (+)
e ||E(2=0,1) = E,exp| —

2N

l,2

2

| d’k

Z

Phase velocity

Envelope propagates at

= ,
g K, \ ‘ the group velocity v,
|

]—iwr '82:‘
P

{3

l Propagation in a dispersive medium

Nt (z) =08 +Aa)2,822z1/

@k c) (t—z/v )2 (t—z/v )2
E(+)6'z)t)DEOe N xexpl| - " lexp| —i - BAwz
2A;(z) 2 20¢(z)
/
5, # 0: pulse spreading
5, # 0: chirp

E® (1) = j dewe ™ E® (2=0,0) "
277
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Phase and group velocities

ot AR Y”\
*L ) MMM !

e=EaEE——

=

v Group velocity:
= C
R an
dc




Normal dispersion
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Normal dispersion and@ Sn oo

: : : : : : dw
Kramers-Kronig relations: link between dispersion and absorption

Peak in transmission:

2

Normal dispersion--
positive slope

2
Slow light

An’=n -1

-10 -5 0 5 10
(w—w)/T
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Normal dispersion and slow light

Light speed reduction
to 17 metres per second

in an ultracold atomic gas

Lene Vestergaard Hau*t, S. E. Harris}, Zachary Dutton*t

& Cyrus H. Behroozi*s

* Rowland Institute for Science, 100 Edwin H. Land Boulevard, Cambridge,
Massachusetts 02142, USA

T Department of Physics, § Division of Engineering and Applied Sciences,
Harvard University, Cambridge, Massachusetts 02138, USA

¥ Edward L. Ginzton Laboratory, Stanford University, Stanford, California 94305,
USA

NATURE |VOL 397|18 FEBRUARY 1999| www.nature.con

PMT signal (mV)

Transmission

o
g
o
&
g
B
o

0.8

] 1
—-10 0 10
Probe detuning (MHz)
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Anomolous dispersion and fast light

&1 40

Kramers-Kronig relations: link between dispersion and absorption dw

An’ =n’-1

-10 -5 0 5 10
(w—wr)lr

Peak in absorption:

2

Anomolous dispersion--
negative slope

2
Fast light

Ve

C < :
7 >c Ooreven <O>

n+ow—
dw
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Anomolous dispersion and fast light (v, > ¢)

—_—
_

The speed of information in a

ifast.ﬁght! Opticﬂl medium NATURE |VOL 425 | 16 OCTOBER 2003 | www.nature.com/nature

?’
Michael D. Stenner’, Daniel J. Gauthier' & Mark A. Neifeld”

'Duke University, Department of Physics, and The Fitzpatrick Center for
Photonics and Communication Systems, Durham, North Carolina 27708, USA
*Department of Electrical and Computer Engineering, The Optical Sciences
Center, University of Arizona, Tucson, Arizona 85721, USA
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Propagation of a Gaussian pulse

Phase velocity

p
o)

Envelop propagates at
‘ the group velocity v,

Vv, = —
P K| T \

(a)pt— Ko

A x exp| -

A2 = B8 +D? B 7Y

Consequences of

" 3 exp| - A’z
Eranhge (2 | T 2at(2) &
4
/
5, # 0: pulse spreading
5, # 0: chirp

5, #O0:

- Pulse spreads out in time |

« Pulse becomes “chirped”: instantaneous frequency
—_ e

varies linearly with time
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Chirp: instantaneous frequency varies linearly with time
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Recall: k(a))zn(co)::k(a)p)+(a)—a)p)% + a)—a)p) y 2wt 3,
w, o, ~ /52 w W
7
5, > 0: high frequencies propagate more slowly than the low frequencies ~ n(w)
v = C
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Pulse spreading as a function of the initial pulse

width
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The shorter the pulse, the large Ctrum, the more it will spread!!! ==
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Pulse spreading, pulse compression...
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More in tutorial!



Summary

» Dispersion: optical response depends on frequency of light

» Origin of dispersion: the material cannot respond instantaneously!

» Consequences of dispersion:

» Light pulse « shaping » (most often spreading...)
» Energy dissipation in medium

» Speed(s) of light in matter: can have 0 < v, <c¢,v, > ¢, v, <0.

Speed of signal is always in agreement with special relativity.
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Reading

Frequency dispersion:
— Zangwill « Modern Electrodynamics », p. 624-629
Kramers-Kronig relations

— Zangwill, p. 649-653, Kittel « Introduction to Solid State Physics » p. 308-311
(7th edition)

Lorentz model for dielectric matter
— Zangwill, p. 635-636

Wave packets in dispersive matter
— Zangwill, p. 641-647
— http://attolab.fr/

Fast light
— https://www.photonics.com/Articles/Fast Light Slow Light and Optical Prec

ursors/a27833

CPA
— https://physicstoday.scitation.org/doi/pdf/10.1063/PT.3.4086
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