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II - Four-wave Mixing

• Generation of UV light source
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• Generation of IR light source
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Fig. 5.2. 3rd Order optical parametric
amplification : a signal beam ωs is am-
plified through the interaction in a χ(3)

material with one single intense pump
beam at ωp. The interaction follows the
energy conservation relation !ωp+!ωp =
!ωs + !ωi, with ωi the frequency of the
idler beam that accompanies the ampli-
fication of the signal beam.
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the beam frequencies follow the relation !ωp + !ωp = !ωs + !ωi. It is anticipated that the
amplification of the signal beam ωs is accompanied by the generation of a third beam at ωi,
referred to as the idler beam.

Optical fiber parametric amplifier: We next take the example of a parametric amplifier
realized in a length of optical fiber. Typically the fiber is made in silica. Although the value
of χ(3) in silica remains rather small, significant amplification can be achieved in practice by
using a long interaction length easily achievable in optical fibers. In addition, it would give the
opportunity to play with nonlinear wave equations that has been derived in case of waveguides
(see section 3.3.6).

The complex amplitude related to the three waves is written:

Em(r, z) = emφq
m(r)Am(z)eıβq(ωm)z, (5.2)

with m = p, s or i. The three waves propagate inside a waveguide along the z direction,
along which the waveguide is invariant. The mode field distribution related to each wave is
characterized by the wavevector βp(ωm), the polarization state em and the spatial distribution
φp
m(r). Assuming that the set of transverse modes form a complete base of normalized and

orthogonal modes, we have the relation (orthogonality between the transverse modes):

∫ ∫

φq
m(r)φq′

m(r)#d2r = δqq′ .

Using the nonlinear wave equation (3.28), one can write three coupled wave equation at ωp,
ωs and ωi:
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As underlined by the right hand side term of wave equation (3.28), the modification of the
envelope field is governed by the spatial overlapping between the spatial dependent nonlinear
polarization term P (NL)(r,ω) and the spatial distribution of the mode φp

m(r). As a consequence,
the three wave equations are expressed with overlapping coefficients, which are given by:

ξijk−l =

∫

φiφjφkφl
#d2r

∫

φlφl
#d2r

and ξi−jk−l =

∫

φiφj
#φkφl

#d2r
∫

φlφl
#d2r

, (5.4)

where the indices i, j, k, and l refer to any of the interacted waves indices, p, s or i. Subsequently,
we consider the propagation in a single mode fiber. The variation in the confinement for the
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the beam frequencies follow the relation !ωp + !ωp = !ωs + !ωi. It is anticipated that the
amplification of the signal beam ωs is accompanied by the generation of a third beam at ωi,
referred to as the idler beam.

Optical fiber parametric amplifier: We next take the example of a parametric amplifier
realized in a length of optical fiber. Typically the fiber is made in silica. Although the value
of χ(3) in silica remains rather small, significant amplification can be achieved in practice by
using a long interaction length easily achievable in optical fibers. In addition, it would give the
opportunity to play with nonlinear wave equations that has been derived in case of waveguides
(see section 3.3.6).

The complex amplitude related to the three waves is written:

Em(r, z) = emφq
m(r)Am(z)eıβq(ωm)z, (5.2)

with m = p, s or i. The three waves propagate inside a waveguide along the z direction,
along which the waveguide is invariant. The mode field distribution related to each wave is
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As underlined by the right hand side term of wave equation (3.28), the modification of the
envelope field is governed by the spatial overlapping between the spatial dependent nonlinear
polarization term P (NL)(r,ω) and the spatial distribution of the mode φp
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Fig. 5.2. 3rd Order optical parametric
amplification : a signal beam ωs is am-
plified through the interaction in a χ(3)

material with one single intense pump
beam at ωp. The interaction follows the
energy conservation relation !ωp+!ωp =
!ωs + !ωi, with ωi the frequency of the
idler beam that accompanies the ampli-
fication of the signal beam.
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the beam frequencies follow the relation !ωp + !ωp = !ωs + !ωi. It is anticipated that the
amplification of the signal beam ωs is accompanied by the generation of a third beam at ωi,
referred to as the idler beam.

Optical fiber parametric amplifier: We next take the example of a parametric amplifier
realized in a length of optical fiber. Typically the fiber is made in silica. Although the value
of χ(3) in silica remains rather small, significant amplification can be achieved in practice by
using a long interaction length easily achievable in optical fibers. In addition, it would give the
opportunity to play with nonlinear wave equations that has been derived in case of waveguides
(see section 3.3.6).

The complex amplitude related to the three waves is written:

Em(r, z) = emφq
m(r)Am(z)eıβq(ωm)z, (5.2)

with m = p, s or i. The three waves propagate inside a waveguide along the z direction,
along which the waveguide is invariant. The mode field distribution related to each wave is
characterized by the wavevector βp(ωm), the polarization state em and the spatial distribution
φp
m(r). Assuming that the set of transverse modes form a complete base of normalized and

orthogonal modes, we have the relation (orthogonality between the transverse modes):

∫ ∫

φq
m(r)φq′

m(r)#d2r = δqq′ .

Using the nonlinear wave equation (3.28), one can write three coupled wave equation at ωp,
ωs and ωi:
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As underlined by the right hand side term of wave equation (3.28), the modification of the
envelope field is governed by the spatial overlapping between the spatial dependent nonlinear
polarization term P (NL)(r,ω) and the spatial distribution of the mode φp

m(r). As a consequence,
the three wave equations are expressed with overlapping coefficients, which are given by:

ξijk−l =

∫

φiφjφkφl
#d2r

∫

φlφl
#d2r

and ξi−jk−l =

∫

φiφj
#φkφl

#d2r
∫

φlφl
#d2r

, (5.4)

where the indices i, j, k, and l refer to any of the interacted waves indices, p, s or i. Subsequently,
we consider the propagation in a single mode fiber. The variation in the confinement for the
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the beam frequencies follow the relation !ωp + !ωp = !ωs + !ωi. It is anticipated that the
amplification of the signal beam ωs is accompanied by the generation of a third beam at ωi,
referred to as the idler beam.

Optical fiber parametric amplifier: We next take the example of a parametric amplifier
realized in a length of optical fiber. Typically the fiber is made in silica. Although the value
of χ(3) in silica remains rather small, significant amplification can be achieved in practice by
using a long interaction length easily achievable in optical fibers. In addition, it would give the
opportunity to play with nonlinear wave equations that has been derived in case of waveguides
(see section 3.3.6).

The complex amplitude related to the three waves is written:

Em(r, z) = emφq
m(r)Am(z)eıβq(ωm)z, (5.2)

with m = p, s or i. The three waves propagate inside a waveguide along the z direction,
along which the waveguide is invariant. The mode field distribution related to each wave is
characterized by the wavevector βp(ωm), the polarization state em and the spatial distribution
φp
m(r). Assuming that the set of transverse modes form a complete base of normalized and

orthogonal modes, we have the relation (orthogonality between the transverse modes):

∫ ∫

φq
m(r)φq′

m(r)#d2r = δqq′ .

Using the nonlinear wave equation (3.28), one can write three coupled wave equation at ωp,
ωs and ωi:
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As underlined by the right hand side term of wave equation (3.28), the modification of the
envelope field is governed by the spatial overlapping between the spatial dependent nonlinear
polarization term P (NL)(r,ω) and the spatial distribution of the mode φp

m(r). As a consequence,
the three wave equations are expressed with overlapping coefficients, which are given by:
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where the indices i, j, k, and l refer to any of the interacted waves indices, p, s or i. Subsequently,
we consider the propagation in a single mode fiber. The variation in the confinement for the
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fication of the signal beam.
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the beam frequencies follow the relation !ωp + !ωp = !ωs + !ωi. It is anticipated that the
amplification of the signal beam ωs is accompanied by the generation of a third beam at ωi,
referred to as the idler beam.

Optical fiber parametric amplifier: We next take the example of a parametric amplifier
realized in a length of optical fiber. Typically the fiber is made in silica. Although the value
of χ(3) in silica remains rather small, significant amplification can be achieved in practice by
using a long interaction length easily achievable in optical fibers. In addition, it would give the
opportunity to play with nonlinear wave equations that has been derived in case of waveguides
(see section 3.3.6).

The complex amplitude related to the three waves is written:

Em(r, z) = emφq
m(r)Am(z)eıβq(ωm)z, (5.2)

with m = p, s or i. The three waves propagate inside a waveguide along the z direction,
along which the waveguide is invariant. The mode field distribution related to each wave is
characterized by the wavevector βp(ωm), the polarization state em and the spatial distribution
φp
m(r). Assuming that the set of transverse modes form a complete base of normalized and

orthogonal modes, we have the relation (orthogonality between the transverse modes):

∫ ∫
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m(r)φq′

m(r)#d2r = δqq′ .

Using the nonlinear wave equation (3.28), one can write three coupled wave equation at ωp,
ωs and ωi:
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As underlined by the right hand side term of wave equation (3.28), the modification of the
envelope field is governed by the spatial overlapping between the spatial dependent nonlinear
polarization term P (NL)(r,ω) and the spatial distribution of the mode φp

m(r). As a consequence,
the three wave equations are expressed with overlapping coefficients, which are given by:

ξijk−l =

∫
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∫
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and ξi−jk−l =
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, (5.4)

where the indices i, j, k, and l refer to any of the interacted waves indices, p, s or i. Subsequently,
we consider the propagation in a single mode fiber. The variation in the confinement for the
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the beam frequencies follow the relation !ωp + !ωp = !ωs + !ωi. It is anticipated that the
amplification of the signal beam ωs is accompanied by the generation of a third beam at ωi,
referred to as the idler beam.

Optical fiber parametric amplifier: We next take the example of a parametric amplifier
realized in a length of optical fiber. Typically the fiber is made in silica. Although the value
of χ(3) in silica remains rather small, significant amplification can be achieved in practice by
using a long interaction length easily achievable in optical fibers. In addition, it would give the
opportunity to play with nonlinear wave equations that has been derived in case of waveguides
(see section 3.3.6).

The complex amplitude related to the three waves is written:

Em(r, z) = emφq
m(r)Am(z)eıβq(ωm)z, (5.2)

with m = p, s or i. The three waves propagate inside a waveguide along the z direction,
along which the waveguide is invariant. The mode field distribution related to each wave is
characterized by the wavevector βp(ωm), the polarization state em and the spatial distribution
φp
m(r). Assuming that the set of transverse modes form a complete base of normalized and

orthogonal modes, we have the relation (orthogonality between the transverse modes):

∫ ∫

φq
m(r)φq′

m(r)#d2r = δqq′ .

Using the nonlinear wave equation (3.28), one can write three coupled wave equation at ωp,
ωs and ωi:
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As underlined by the right hand side term of wave equation (3.28), the modification of the
envelope field is governed by the spatial overlapping between the spatial dependent nonlinear
polarization term P (NL)(r,ω) and the spatial distribution of the mode φp

m(r). As a consequence,
the three wave equations are expressed with overlapping coefficients, which are given by:
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where the indices i, j, k, and l refer to any of the interacted waves indices, p, s or i. Subsequently,
we consider the propagation in a single mode fiber. The variation in the confinement for the
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Fig. 5.2. 3rd Order optical parametric
amplification : a signal beam ωs is am-
plified through the interaction in a χ(3)

material with one single intense pump
beam at ωp. The interaction follows the
energy conservation relation !ωp+!ωp =
!ωs + !ωi, with ωi the frequency of the
idler beam that accompanies the ampli-
fication of the signal beam.

ħωs 

ωi ħωi 

ħωp ωs ω
ωp ωp 

ωs 
ħωp χ

(3)

the beam frequencies follow the relation !ωp + !ωp = !ωs + !ωi. It is anticipated that the
amplification of the signal beam ωs is accompanied by the generation of a third beam at ωi,
referred to as the idler beam.

Optical fiber parametric amplifier: We next take the example of a parametric amplifier
realized in a length of optical fiber. Typically the fiber is made in silica. Although the value
of χ(3) in silica remains rather small, significant amplification can be achieved in practice by
using a long interaction length easily achievable in optical fibers. In addition, it would give the
opportunity to play with nonlinear wave equations that has been derived in case of waveguides
(see section 3.3.6).

The complex amplitude related to the three waves is written:

Em(r, z) = emφq
m(r)Am(z)eıβq(ωm)z, (5.2)

with m = p, s or i. The three waves propagate inside a waveguide along the z direction,
along which the waveguide is invariant. The mode field distribution related to each wave is
characterized by the wavevector βp(ωm), the polarization state em and the spatial distribution
φp
m(r). Assuming that the set of transverse modes form a complete base of normalized and

orthogonal modes, we have the relation (orthogonality between the transverse modes):

∫ ∫

φq
m(r)φq′

m(r)#d2r = δqq′ .

Using the nonlinear wave equation (3.28), one can write three coupled wave equation at ωp,
ωs and ωi:

dAp

dz
=

iωp

2npc
3ξp−pp−pχ

(3)
eff |Ap|

2Ap

dAs

dz
=

iωs

2nsc
3χ(3)

eff

[

2ξp−ps−s|Ap|
2As + ξppi−sA

2
pA

∗
i e

i∆βz
]

(5.3)

dAi

dz
=

iωi

2nic
3χ(3)

eff

[

2ξp−pi−i|Ap|
2Ai + ξp−ps−iA

2
pA

∗
se

i∆βz
]

As underlined by the right hand side term of wave equation (3.28), the modification of the
envelope field is governed by the spatial overlapping between the spatial dependent nonlinear
polarization term P (NL)(r,ω) and the spatial distribution of the mode φp

m(r). As a consequence,
the three wave equations are expressed with overlapping coefficients, which are given by:

ξijk−l =

∫

φiφjφkφl
#d2r

∫

φlφl
#d2r

and ξi−jk−l =

∫

φiφj
#φkφl

#d2r
∫

φlφl
#d2r

, (5.4)

where the indices i, j, k, and l refer to any of the interacted waves indices, p, s or i. Subsequently,
we consider the propagation in a single mode fiber. The variation in the confinement for the

• Degenerate FWM : parametric amplification
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three waves is neglected and the overlapping coefficients are taken equal. Finally, the interaction
efficiency is governed by the phase matching term:

∆β = 2βp − βs − βi. (5.5)

Note that nonlinear wave equations (5.3) assume that signal and idler wave intensities are
much weaker than the pump intensity.

We start by deriving the wave equation for the pump:

dAp

dz
= iγPpAp,

which has been expressed in terms of the pump power Pp = 2ncε0|Ap|2
∫ ∫

φlφl
!d2r and the

parametric gain coefficient γ:

γ =
3ωp

4ε0n2
pc

∫

|φp|4d2r
(∫

|φp|2d2r
)2χ

(3)
eff (5.6)

Under a parametric regime, i.e. neglecting the pump depletion, the pump wave evolution
follows

Ap(z) = Ap(0)e
iγPpz

= |Ap(0)|e
iθeiγPpz,

where θ is the linear phase related to the pump wave Ap(z = 0). The solution shows that,
under parametric interaction, the undepleted pump wave experiences a nonlinear phase shift
ΦNL(z) = γPpz. This nonlinear effect refers to Optical Kerr Effect that is studied in more
details in section 5.4.

Substituting the pump wave evolution in wave equations (5.3), one can re-write wave equa-
tions for signal idler waves:

dAs

dz
= iγPp

np

ωp

ωs

ns

[

2As +A∗
i e

2iθei(∆β+2γPp)z
]

(5.7)

dA∗
i

dz
= −iγPp

np

ωp

ωi

ni

[

2A∗
i +Ase

−2iθe−i(∆β+2γPp)z
]

. (5.8)

In order to simplify those coupled equations one can introduce new variables:

Bs(z) = As(z) exp

(

−2iγPp
np

ωp

ωs

ns

)

and B∗
i (z) = A∗

i (z) exp

(

+2iγPp
np

ωp

ωi

ni

)

,

leading to the set of coupled equations:

dBs

dz
= iγPp

np

ωp

ωs

ns
e2iθB∗

i (z)e
+iK ′z (5.9)

dB∗
i

dz
= −iγPp

np

ωp

ωi

ni
e−2iθBs(z)e

−iK ′z. (5.10)

with K ′ = ∆β+2γPp

[

1− np

ωp

(
ωs
ns

+ ωi
ni

)]

. Actually, the previous coupled equations take a form

similar to those derived for the parametric amplification in a χ(2) material (section ??), helping
in deriving the solutions in case of parametric amplification in a χ(3) material.

28 3 NONLINEAR WAVE EQUATIONS

spatial case, one can seek the following forms for the electric field and for the time dependent
nonlinear polarization:

E(z, t) = A(z, t)eıβ0ze−ıω0te+ CC,

PNL(z, t) = ΠNL(z, t)e
ıβpze−ıω0t + CC.

Because we need to take into account for the dispersive properties of the material, i.e. the
frequency dependent permittivity ε(ω), we start with the equation (3.14) writing:

E(z,ω) = eÃ(z,ω − ω0)e
ıβ0z

PNL(z,ω) = Π̃NL(z,ω − ω0)e
ıβpz,

which gives

∂2Ã(z,ω − ω0)

∂z2
+2ıβ0

∂Ã(z,ω − ω0)

∂z
+
[

β2(ω)− β2
0

]

Ã(z,ω−ω0) = −ω2µ0e·Π̃NL(z,ω−ω0)e
ı∆βz .

(3.23)
In the following, the pulse duration is supposed to be very small compare to the time period
1/ω0 of the optical carrier. Its spectral linewidth being very narrow (∆ω " ω0), one can use a
Taylor’s expansion of β2(ω) around ω0 :

β(ω) = β0 + β1∆ω +
β2
2
∆ω2 + · · · ,

β2(ω) # β2
0 + 2β0β1∆ω +

(

β2
1 + β0β2

)

∆ω2 + · · · ,

with βi =
∂iβ
∂ωi calculated for ω = ω0. The wave equation is then expressed into the time domain:

∂2A(z, t)

∂z2
+ 2ıβ0

∂A(z, t)

∂z
+ 2ıβ0β1

∂A(z, t)

∂t
−

[

β2
1 + β0β2

] ∂2A(z, t)

∂t2
=

µ0e ·

[

−ω2
0ΠNL(z, t)− 2ıω0

∂ΠNL(z, t)

∂t
+

∂2ΠNL(z, t)

∂t2

]

eı∆βz.

Considering that the envelope A(t) travels at the group velocity vg = 1/β1, the wave equation
can be simplified by introducing the retarded time variable τ = t− z/vg. The wave equation in
the time base τ is then:

∂2A(z, τ)

∂z2
− 2β1

∂2A(z, τ)

∂z∂τ
+ 2ıβ0

∂A(z, τ)

∂z
− β0β2

∂2A(z, τ)

∂τ2
=

µ0e ·

[

−ω2
0ΠNL(z, τ) − 2ıω0

∂ΠNL(z, τ)

∂τ
+

∂2ΠNL(z, τ)

∂τ2

]

eı∆βz.

We then proceed with few assumptions in order to derive a simplified nonlinear wave equation:

• slowly varying approximation for the envelope that implies:
∣
∣
∣
∂2A(z,τ)

∂z2

∣
∣
∣ "

∣
∣
∣β0

∂A(z,τ)
∂z

∣
∣
∣,

• narrow spectral linewidth of the pulse, which means that
∣
∣
∣
∂A(z,t)

∂τ

∣
∣
∣ " ω0A(z, τ). If we

suppose that the group velocity vg = 1/β1 is close to the phase velocity vφ # c/n0, then:∣
∣
∣2β1

∂2A(z,τ)
∂z∂τ

∣
∣
∣ " 2

∣
∣
∣β0

∂A(z,τ)
∂z

∣
∣
∣,

• finally, the slowly varying approximation for the envelope implies a slow variation of the
nonlinear polarization envelope, which means that :

ω2
0ΠNL(z, τ) $ 2ω0

∂ΠNL(z, τ)

∂τ
$

∂2ΠNL(z, τ)

∂τ2
.
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Assuming the boundary conditions Ai(z = 0) = 0 and As(z = 0) = As0, the solutions for
signal and idler optical power evolutions are:

Ps(z) = Ps(0)

[

1 +
Γ′2

g′2
sinh2(g′z)

]

(5.11)

Pi(z) =
ωins

niωs
Ps(0)

Γ′2

g′2
sinh2(g′z), (5.12)

with Γ′ = γPp
np

ωp

√
ωiωs

nins
and g′2 = Γ′2 − K ′2

4 , the parametric gain.

The amplification factor for the signal can be directly derived from (5.11):

G(z) =
Γ′2

g′2
sinh2(g′z). (5.13)

As a conclusion, an incident signal wave at ωs is subject to amplification through its in-
teraction with a pump beam at ωp in a χ(3) nonlinear material. Assuming a lossless material,
this amplification is accompanied by the generation of an idler beam at ωi = 2ωp − ωs. The
amplification factor is directly proportional to the pump intensity2 and depends on the phase

matching condition given by K ′ = ∆β + 2γPp

[

1− np

ωp

(
ωs
ns

+ ωi
ni

)]

. As it will be underlined

below, this phase matching condition is influenced by the Optical Kerr Effect, through the term
proportional to γPp. Considering that np

ωp
" ns

ωs
" ni

ωi
, the phase matching condition can be

simplified in:

K ′ = ∆β + 2γPp

[

1−
np

ωp

(
ωs

ns
+

ωi

ni

)]

" ∆β − 2γPp. (5.14)

In the case of a perfect phase matching condition K ′ = 0, the amplification factor reaches its
maximum value for K ′ = 0:

Gmax(z) " sinh2(γPpz)

" sinh2(ΦNL(z)) (5.15)

since g′ = Γ′. We have assumed that np

ωp
" ns

ωs
" ni

ωi
.

Comments:

• The phase matching condition is described by a linear term, ∆β the phase mismatch be-
tween the interacted waves, and a nonlinear effect related to the nonlinear phase ΦNL(z) =
γPpz experienced by the pump wave. As it will be explained in the next section, the pump
intensity modifies the refractive index of the material, which directly influenced the phase
matching condition.

• Concerning the phase mismatch ∆β = 2βp−βs−βi between the interacted waves, we show
its relation with the dispersion coefficient β2 of the material (or the waveguide). Indeed,
one can write ωs = ωp − Ω, meaning that ωi = ωp + Ω. if we consider a narrow spectral
interval Ω between the interacted waves, i.e. Ω # ωp, the Taylor’s expansions for βs and
βi show that ∆β " −β2Ω2.

2The amplification factor depends on the quantity γPp and, one could note that the expression (5.6) for γ
depends on the mode field distribution of the waves.

Þ The phase matching condition is modified by the optical Kerr effect 
(nonlinear phase shift)

Þ !! = # implies : $ > & and '" < 0 or $ < & and '" > 0

!
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Fig. 5.2. 3rd Order optical parametric
amplification : a signal beam ωs is am-
plified through the interaction in a χ(3)

material with one single intense pump
beam at ωp. The interaction follows the
energy conservation relation !ωp+!ωp =
!ωs + !ωi, with ωi the frequency of the
idler beam that accompanies the ampli-
fication of the signal beam.
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the beam frequencies follow the relation !ωp + !ωp = !ωs + !ωi. It is anticipated that the
amplification of the signal beam ωs is accompanied by the generation of a third beam at ωi,
referred to as the idler beam.

Optical fiber parametric amplifier: We next take the example of a parametric amplifier
realized in a length of optical fiber. Typically the fiber is made in silica. Although the value
of χ(3) in silica remains rather small, significant amplification can be achieved in practice by
using a long interaction length easily achievable in optical fibers. In addition, it would give the
opportunity to play with nonlinear wave equations that has been derived in case of waveguides
(see section 3.3.6).

The complex amplitude related to the three waves is written:

Em(r, z) = emφq
m(r)Am(z)eıβq(ωm)z, (5.2)

with m = p, s or i. The three waves propagate inside a waveguide along the z direction,
along which the waveguide is invariant. The mode field distribution related to each wave is
characterized by the wavevector βp(ωm), the polarization state em and the spatial distribution
φp
m(r). Assuming that the set of transverse modes form a complete base of normalized and

orthogonal modes, we have the relation (orthogonality between the transverse modes):

∫ ∫

φq
m(r)φq′

m(r)#d2r = δqq′ .

Using the nonlinear wave equation (3.28), one can write three coupled wave equation at ωp,
ωs and ωi:
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As underlined by the right hand side term of wave equation (3.28), the modification of the
envelope field is governed by the spatial overlapping between the spatial dependent nonlinear
polarization term P (NL)(r,ω) and the spatial distribution of the mode φp

m(r). As a consequence,
the three wave equations are expressed with overlapping coefficients, which are given by:

ξijk−l =

∫

φiφjφkφl
#d2r

∫

φlφl
#d2r

and ξi−jk−l =

∫

φiφj
#φkφl

#d2r
∫

φlφl
#d2r

, (5.4)

where the indices i, j, k, and l refer to any of the interacted waves indices, p, s or i. Subsequently,
we consider the propagation in a single mode fiber. The variation in the confinement for the

• Degenerate FWM
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Fig. 5.2. 3rd Order optical parametric
amplification : a signal beam ωs is am-
plified through the interaction in a χ(3)

material with one single intense pump
beam at ωp. The interaction follows the
energy conservation relation !ωp+!ωp =
!ωs + !ωi, with ωi the frequency of the
idler beam that accompanies the ampli-
fication of the signal beam.
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the beam frequencies follow the relation !ωp + !ωp = !ωs + !ωi. It is anticipated that the
amplification of the signal beam ωs is accompanied by the generation of a third beam at ωi,
referred to as the idler beam.

Optical fiber parametric amplifier: We next take the example of a parametric amplifier
realized in a length of optical fiber. Typically the fiber is made in silica. Although the value
of χ(3) in silica remains rather small, significant amplification can be achieved in practice by
using a long interaction length easily achievable in optical fibers. In addition, it would give the
opportunity to play with nonlinear wave equations that has been derived in case of waveguides
(see section 3.3.6).

The complex amplitude related to the three waves is written:

Em(r, z) = emφq
m(r)Am(z)eıβq(ωm)z, (5.2)

with m = p, s or i. The three waves propagate inside a waveguide along the z direction,
along which the waveguide is invariant. The mode field distribution related to each wave is
characterized by the wavevector βp(ωm), the polarization state em and the spatial distribution
φp
m(r). Assuming that the set of transverse modes form a complete base of normalized and

orthogonal modes, we have the relation (orthogonality between the transverse modes):

∫ ∫

φq
m(r)φq′

m(r)#d2r = δqq′ .

Using the nonlinear wave equation (3.28), one can write three coupled wave equation at ωp,
ωs and ωi:
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2Ai + ξp−ps−iA

2
pA

∗
se

i∆βz
]

As underlined by the right hand side term of wave equation (3.28), the modification of the
envelope field is governed by the spatial overlapping between the spatial dependent nonlinear
polarization term P (NL)(r,ω) and the spatial distribution of the mode φp

m(r). As a consequence,
the three wave equations are expressed with overlapping coefficients, which are given by:

ξijk−l =

∫

φiφjφkφl
#d2r

∫

φlφl
#d2r

and ξi−jk−l =

∫

φiφj
#φkφl

#d2r
∫

φlφl
#d2r

, (5.4)

where the indices i, j, k, and l refer to any of the interacted waves indices, p, s or i. Subsequently,
we consider the propagation in a single mode fiber. The variation in the confinement for the

• Degenerate FWM
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Fig. 5.3. Left: Parametric gain g0 accumulated over a length L with the phase mismatch ��L for two nonlinear
phase values. Right: Amplification gain for the signal Ps(L)/Ps(0) for nonlinear phase varying between 0 to 1,
for two phase mismatch values.

Fig. 5.4. Amplification gain bandwidth for the signal
for two nonlinear phase shift values.

interval ⌦ between the interacted waves, i.e. ⌦ ⌧ !p, the Taylor’s expansions for �s and
�i show that �� ' ��2⌦2.

Neglecting the Optical Kerr E↵ect, parametric amplification would require the propagation
through a waveguide with a zero dispersion, �2 = 0. However, the phase matching is
fulfilled since K 0 = 0, implying �� = 2�Pp(z = 0). Now, depending on the sign of

the nonlinear coe�cient �(3)
eff (equivalently of �), phase matching can only be fulfilled with

dispersion coe�cient �2 which takes an opposite sign. Considering for instance, parametric
amplification in a silica fiber, for which � > 0, amplification implies the propagation in
anomalous dispersion regime with �2 < 0 3.

• Parametric amplification occurs only if g02 > 0, or �02 > K 02/4, which implies the following
condition for the linear phase missmatch: 0 < �� < 4�Pp. The maximum value for
amplification is reached for �� = 2�Pp, coinciding with K 02 = 0.

3�2 < 0 coincides with a positive dispersion coe�cient D.
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➜ Optical Parametric Fluorescence Effect
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• Degenerate FWM

➜ spontaneous generation of signal and 
idler photons : application in quantum 
optics (generation of photon pairs)
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• Degenerate FWM ➜Modulation instability
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Standard model to describe the energy transfer between a 
CW pump and fluctuations (treated as perturbations)

Nonlinear propagation of the following wave (CW + noise) :
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➜ For n2>0 and in the anomalous dispersion regime, an 
amplification of the intensity fluctuations is expected 
(as illustrated by the following simulations)

Modulation Instabilities
Evolution of a quasi-CW pulse through a 3rd order nonlinear waveguide
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fonctionnement d’une laser mode-locked dans lequel 𝑛 modes en phase interfèrent 
constructivement. Il en résulte donc un train d’impulsions.  
 

 

 
Figures 6.1 et 6.2 : Allures des pulses d’entrée et de sortie et spectres associés pour 𝛽2 ൐ 0 et 𝛾 ൐ 0. 

 

 

 
Figures 7.1 et 7.2 : Allures des pulses d’entrée et de sortie et spectres associés pour 𝛽2 ൏ 0 et 𝛾 ൐ 0. 

 
2.2.2. Remarques sur les problématiques liées à l͛échaŶƚillŽŶŶage 

 
J’ai tenu à insérer cette partie dont les résultats me paraissent absolument fondamentaux à 
la fois pour la compréhension du problème physique et pour l’implémentation numérique.  
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➜ Depending on the dispersion regime, 
nonlinear propagation can lead to 
modulation instability in intensities
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Modulation Instabilities in microcavities
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air-dielectric interface. It has been first demon-
strated in optical microspheres (21) that ultra-
highQ resonances (>100million) can be attained
(whereQ = wt, the resonance quality factor, with
t denoting the photon storage time and w the
optical angular frequency). This ultrahigh Q fac-
tor results in long interaction lengths and can lead
to extremely low thresholds for nonlinear optical
effects (sub micro-Watt power level). The optical
WGM resonances correspond to an integer num-
ber of optical wavelengths (the mode index n)
around the microresonator’s perimeter and are
separated by the free spectral range (FSR), that is,
the inverse round trip time in the cavity (Fig. 2C).

In the case of resonators made of fused silica,
silicon, or crystals that exhibit inversion sym-
metry, the elemental nonlinear interaction is third-
order in the electric field, which gives rise to the
process of parametric four-wave mixing (FWM).
This frequency conversion process originates
from the intensity-dependent refractive index,
n0 + I × n2, where n2 is the Kerr coefficient, n0
is the linear refractive index, and I denotes the
laser intensity. When a microresonator made
from a third-order nonlinearity material is pumped
with a CW laser (Figs. 1C and 2A), this para-
metric frequency conversion will annihilate two
pump photons (with angular frequency wp) and
create a new pair of photons: a frequency up-
shifted signal (ws), and a frequency downshifted
idler (wi). The conservation of energy (2 ħ wp =
ħ wi + ħ ws, where ħ is the reduced Planck con-
stant) implies that the frequency components are
equally spaced with respect to the pump (i.e., ws =
wp + W and wi = wp – W, where 2W is the fre-
quency separation of the two new sidebands). If
the signal and idler frequencies coincide with
optical microresonator modes (Fig. 2C), the para-
metric process is enhanced, resulting in efficient
sideband generation. Momentum conservation is
satisfied in this process, since the WGMs have a
propagation constant b= n/R (where n is the
mode index and R the resonator radius) such that
2bp = bs + bi for symmetrically spaced modes
[i.e., signal and idler modes differing by an equal
amount (Fig. 2C)].

The generated sidebands have a defined phase
relationship, that is, the relative phases of signal
and idler with respect to the pump are fixed. If the
scattering rate into the signal and idler modes
exceeds their respective optical cavity decay rates
(k) (Fig. 2C), parametric oscillation occurs, lead-
ing to symmetric sidebands that grow in intensity
with increasing pump power. Although these ef-
fects are well known in nonlinear optics, such a
process was demonstrated only recently in silica
(22) and crystalline (23) microresonators. The ad-
vantage of microresonators is that the thresh-
old for initiation of parametric oscillation can be
strongly reduced, because the threshold scales
with the inverse Q factor squared, implying that
high Q can give a dramatic reduction in required
optical power.

Parametric oscillations can also lead to spectra
that containmultiple sidebands. The spectral band-

width can be increased by two nonlinear pro-
cesses (Fig. 2B). First, the pump laser can convert
pump photons to secondary sidebands, spaced by
multiple free-spectral ranges of the cavity (Fig.
2B). This degenerate FWM process would again
lead to pairwise equidistant sidebands. However,
the generated pairs of sidebands are not neces-
sarily mutually equidistant, that is, they are not
required to have the same frequency separation,
as is needed to form a comb.

On the contrary, in a second process, comb
generation can occur when the generated signal
and idler sidebands themselves serve as seeds for
further parametric frequency conversion, which
is also referred to as cascaded FWM (also termed
nondegenerate FWM because the two pump pho-
tons have different frequencies) (Fig. 2B). When
signal and idler sidebands have comparable pow-

er levels to that of the pump inside the cavity,
cascaded FWM is the dominant process by
which new sidebands are generated. This process
leads to the generation of equidistant sidebands,
that is, all generated frequency components have
the same separation from each other, giving rise
to an optical frequency comb.

Dispersion, the variation of the free spectral
range of the cavity with wavelength, ultimately
limits this conversion process and leads to a finite
bandwidth of the comb generation process be-
cause the cascaded FWM is less efficient once the
comb modes are not commensurate with the cav-
ity mode spectrum (Fig. 2C). Interestingly, how-
ever, the bandwidth of the comb is not entirely
determined by the dispersion of themicroresonator
alone. Indeed, the nonlinear optical mode pulling
(22) that occurs due to the Kerr nonlinearity at
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Fig. 2. Principle of optical frequency comb generation using optical microresonators. (A) An optical
microresonator (here, a silica toroid microresonator) is pumped with a CW laser beam. The high intensity
in the resonators (~GW/cm2) gives rise to a parametric frequency conversion through both degenerate
and nondegenerate (i.e., cascaded) FWM. Upon generation of an optical frequency comb, the resulting
beatnote (given by the inverse cavity round-trip time) can be recorded on a photodiode and used for
further stabilization or directly in applications. (B) Optical frequency comb spectrum, which is char-
acterized by the repetition rate (fr) and the carrier envelope frequency (fo). In the case of a microresonator-
based frequency comb, the pump laser is part of the optical comb. The comb is generated by a combination
of degenerate FWM (process 1, which converts two photons of the same frequency into a frequency
upshifted and downshifted pair of photons) and nondegenerate FWM (process 2, in which all four photons
have different frequencies). The dotted lines indicate degenerate FWM into resonator modes that differ by
more than one mode number. The presence of cascaded FWM is the underlying process that couples the
phases of all modes in the comb and allows transfer of the equidistant mode spacing across the entire
comb. (C) Schematic of the microresonator modes (blue) and the frequency comb components (green)
generated by pumping a whispering-gallery mode with a pump laser. The mode index (n) refers to the
number of wavelengths around the microresonator’s perimeter. The FWM process results in equidistant
sidebands. The bandwidth of the comb is limited by the variation of the resonator’s free spectral range (Dn)
with wavelength due to dispersion (shown is the case of anomalous dispersion).
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(whereQ = wt, the resonance quality factor, with
t denoting the photon storage time and w the
optical angular frequency). This ultrahigh Q fac-
tor results in long interaction lengths and can lead
to extremely low thresholds for nonlinear optical
effects (sub micro-Watt power level). The optical
WGM resonances correspond to an integer num-
ber of optical wavelengths (the mode index n)
around the microresonator’s perimeter and are
separated by the free spectral range (FSR), that is,
the inverse round trip time in the cavity (Fig. 2C).

In the case of resonators made of fused silica,
silicon, or crystals that exhibit inversion sym-
metry, the elemental nonlinear interaction is third-
order in the electric field, which gives rise to the
process of parametric four-wave mixing (FWM).
This frequency conversion process originates
from the intensity-dependent refractive index,
n0 + I × n2, where n2 is the Kerr coefficient, n0
is the linear refractive index, and I denotes the
laser intensity. When a microresonator made
from a third-order nonlinearity material is pumped
with a CW laser (Figs. 1C and 2A), this para-
metric frequency conversion will annihilate two
pump photons (with angular frequency wp) and
create a new pair of photons: a frequency up-
shifted signal (ws), and a frequency downshifted
idler (wi). The conservation of energy (2 ħ wp =
ħ wi + ħ ws, where ħ is the reduced Planck con-
stant) implies that the frequency components are
equally spaced with respect to the pump (i.e., ws =
wp + W and wi = wp – W, where 2W is the fre-
quency separation of the two new sidebands). If
the signal and idler frequencies coincide with
optical microresonator modes (Fig. 2C), the para-
metric process is enhanced, resulting in efficient
sideband generation. Momentum conservation is
satisfied in this process, since the WGMs have a
propagation constant b= n/R (where n is the
mode index and R the resonator radius) such that
2bp = bs + bi for symmetrically spaced modes
[i.e., signal and idler modes differing by an equal
amount (Fig. 2C)].

The generated sidebands have a defined phase
relationship, that is, the relative phases of signal
and idler with respect to the pump are fixed. If the
scattering rate into the signal and idler modes
exceeds their respective optical cavity decay rates
(k) (Fig. 2C), parametric oscillation occurs, lead-
ing to symmetric sidebands that grow in intensity
with increasing pump power. Although these ef-
fects are well known in nonlinear optics, such a
process was demonstrated only recently in silica
(22) and crystalline (23) microresonators. The ad-
vantage of microresonators is that the thresh-
old for initiation of parametric oscillation can be
strongly reduced, because the threshold scales
with the inverse Q factor squared, implying that
high Q can give a dramatic reduction in required
optical power.

Parametric oscillations can also lead to spectra
that containmultiple sidebands. The spectral band-

width can be increased by two nonlinear pro-
cesses (Fig. 2B). First, the pump laser can convert
pump photons to secondary sidebands, spaced by
multiple free-spectral ranges of the cavity (Fig.
2B). This degenerate FWM process would again
lead to pairwise equidistant sidebands. However,
the generated pairs of sidebands are not neces-
sarily mutually equidistant, that is, they are not
required to have the same frequency separation,
as is needed to form a comb.

On the contrary, in a second process, comb
generation can occur when the generated signal
and idler sidebands themselves serve as seeds for
further parametric frequency conversion, which
is also referred to as cascaded FWM (also termed
nondegenerate FWM because the two pump pho-
tons have different frequencies) (Fig. 2B). When
signal and idler sidebands have comparable pow-

er levels to that of the pump inside the cavity,
cascaded FWM is the dominant process by
which new sidebands are generated. This process
leads to the generation of equidistant sidebands,
that is, all generated frequency components have
the same separation from each other, giving rise
to an optical frequency comb.

Dispersion, the variation of the free spectral
range of the cavity with wavelength, ultimately
limits this conversion process and leads to a finite
bandwidth of the comb generation process be-
cause the cascaded FWM is less efficient once the
comb modes are not commensurate with the cav-
ity mode spectrum (Fig. 2C). Interestingly, how-
ever, the bandwidth of the comb is not entirely
determined by the dispersion of themicroresonator
alone. Indeed, the nonlinear optical mode pulling
(22) that occurs due to the Kerr nonlinearity at
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Fig. 2. Principle of optical frequency comb generation using optical microresonators. (A) An optical
microresonator (here, a silica toroid microresonator) is pumped with a CW laser beam. The high intensity
in the resonators (~GW/cm2) gives rise to a parametric frequency conversion through both degenerate
and nondegenerate (i.e., cascaded) FWM. Upon generation of an optical frequency comb, the resulting
beatnote (given by the inverse cavity round-trip time) can be recorded on a photodiode and used for
further stabilization or directly in applications. (B) Optical frequency comb spectrum, which is char-
acterized by the repetition rate (fr) and the carrier envelope frequency (fo). In the case of a microresonator-
based frequency comb, the pump laser is part of the optical comb. The comb is generated by a combination
of degenerate FWM (process 1, which converts two photons of the same frequency into a frequency
upshifted and downshifted pair of photons) and nondegenerate FWM (process 2, in which all four photons
have different frequencies). The dotted lines indicate degenerate FWM into resonator modes that differ by
more than one mode number. The presence of cascaded FWM is the underlying process that couples the
phases of all modes in the comb and allows transfer of the equidistant mode spacing across the entire
comb. (C) Schematic of the microresonator modes (blue) and the frequency comb components (green)
generated by pumping a whispering-gallery mode with a pump laser. The mode index (n) refers to the
number of wavelengths around the microresonator’s perimeter. The FWM process results in equidistant
sidebands. The bandwidth of the comb is limited by the variation of the resonator’s free spectral range (Dn)
with wavelength due to dispersion (shown is the case of anomalous dispersion).
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highQ resonances (>100million) can be attained
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t denoting the photon storage time and w the
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tor results in long interaction lengths and can lead
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effects (sub micro-Watt power level). The optical
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metric process is enhanced, resulting in efficient
sideband generation. Momentum conservation is
satisfied in this process, since the WGMs have a
propagation constant b= n/R (where n is the
mode index and R the resonator radius) such that
2bp = bs + bi for symmetrically spaced modes
[i.e., signal and idler modes differing by an equal
amount (Fig. 2C)].

The generated sidebands have a defined phase
relationship, that is, the relative phases of signal
and idler with respect to the pump are fixed. If the
scattering rate into the signal and idler modes
exceeds their respective optical cavity decay rates
(k) (Fig. 2C), parametric oscillation occurs, lead-
ing to symmetric sidebands that grow in intensity
with increasing pump power. Although these ef-
fects are well known in nonlinear optics, such a
process was demonstrated only recently in silica
(22) and crystalline (23) microresonators. The ad-
vantage of microresonators is that the thresh-
old for initiation of parametric oscillation can be
strongly reduced, because the threshold scales
with the inverse Q factor squared, implying that
high Q can give a dramatic reduction in required
optical power.
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width can be increased by two nonlinear pro-
cesses (Fig. 2B). First, the pump laser can convert
pump photons to secondary sidebands, spaced by
multiple free-spectral ranges of the cavity (Fig.
2B). This degenerate FWM process would again
lead to pairwise equidistant sidebands. However,
the generated pairs of sidebands are not neces-
sarily mutually equidistant, that is, they are not
required to have the same frequency separation,
as is needed to form a comb.

On the contrary, in a second process, comb
generation can occur when the generated signal
and idler sidebands themselves serve as seeds for
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is also referred to as cascaded FWM (also termed
nondegenerate FWM because the two pump pho-
tons have different frequencies) (Fig. 2B). When
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which new sidebands are generated. This process
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that is, all generated frequency components have
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limits this conversion process and leads to a finite
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Fig. 2. Principle of optical frequency comb generation using optical microresonators. (A) An optical
microresonator (here, a silica toroid microresonator) is pumped with a CW laser beam. The high intensity
in the resonators (~GW/cm2) gives rise to a parametric frequency conversion through both degenerate
and nondegenerate (i.e., cascaded) FWM. Upon generation of an optical frequency comb, the resulting
beatnote (given by the inverse cavity round-trip time) can be recorded on a photodiode and used for
further stabilization or directly in applications. (B) Optical frequency comb spectrum, which is char-
acterized by the repetition rate (fr) and the carrier envelope frequency (fo). In the case of a microresonator-
based frequency comb, the pump laser is part of the optical comb. The comb is generated by a combination
of degenerate FWM (process 1, which converts two photons of the same frequency into a frequency
upshifted and downshifted pair of photons) and nondegenerate FWM (process 2, in which all four photons
have different frequencies). The dotted lines indicate degenerate FWM into resonator modes that differ by
more than one mode number. The presence of cascaded FWM is the underlying process that couples the
phases of all modes in the comb and allows transfer of the equidistant mode spacing across the entire
comb. (C) Schematic of the microresonator modes (blue) and the frequency comb components (green)
generated by pumping a whispering-gallery mode with a pump laser. The mode index (n) refers to the
number of wavelengths around the microresonator’s perimeter. The FWM process results in equidistant
sidebands. The bandwidth of the comb is limited by the variation of the resonator’s free spectral range (Dn)
with wavelength due to dispersion (shown is the case of anomalous dispersion).
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high power plays an important role and thereby
extends the comb beyond the limits imposed
by dispersion alone (24).

An important aspect of the optical frequency
comb in metrology is the stabilization of the
comb repetition rate and carrier envelope frequen-
cy. Although microresonators do not feature any
moveable parts, high-speed control of both fo and
fr can be attained in an independent manner (25).
In particular, fo is directly accessible by varying
the pump laser frequency with respect to the cav-
ity mode. In contrast, the repetition rate can be
varied by use of the intensity-dependent round-
trip time of the cavity. Due to both thermal effects
(i.e., the change of refractive index due to heating
by absorbed laser power) and the Kerr nonlin-
earity, power variations of the laser are converted
to variations in the effective path length of the
microresonator and therefore change the mode
spacing of the frequency comb (25). By using
electronic feedback on both laser frequency and
laser power, a microresonator Kerr comb with a
mode spacing of 88 GHz has been fully frequen-
cy stabilized, with an Er:fiber laser-based fre-
quency comb serving as reference.

Experimental Systems: From Microtoroids
to Integrated Chip-Scale Combs
The requirements for optical comb generation
with a microresonator are a high Q cavity with
small mode volume that is made from a material
with a third-order nonlinearity and low disper-
sion. Examples of different resonators are shown
in Fig. 3D. Toroidal microresonators (26) were
the first system in which optical frequency comb
generation was demonstrated (15). They consist
of a microscale silica toroidal WGM and can
attainQ factors in excess of 100million (whereQ
is the product of optical angular frequency and
photon lifetime). Highly efficient coupling into
these planar devices can be achieved by using the
evanescent field of tapered optical fibers (i.e., fi-
bers whose diameter is less than, or on the order
of, an optical wavelength in diameter, as illus-
trated in Fig. 2A). Overcoupling, the regimewhere
the total cavity losses are dominated by useful
output coupling “loss” into the fiber waveguide,
has been achieved, which is important to attain
high conversion efficiency, as only outcoupled
comb components are detected. Using tapered
fiber coupling of ~100 mW pump power at 1550
nm, a 375-GHz repetition rate frequency comb
was attainedwith a spectral bandwidth exceeding
350 nm (15). This broad bandwidthwas achieved
with intrinsic dispersion compensation. A typical
WGM microresonator features normal disper-
sion (i.e., high optical frequencies propagate
slower than low optical frequencies), because a
high-frequency mode will have its field maxi-
mum closer to the cavity boundary than a low
frequency mode. This can be compensated with
the material dispersion of silica that exhibits op-
posite behavior leading to a zero dispersion wave-
length in the 1550-nm region. Pumping around
this wavelength leads to the creation of broad

frequency combs that can exhibit more than a full
octave (a factor of two in frequency), i.e., a span
from 1000 to 2200 nm inwavelength as shown in
Fig. 3A (24). That the emission indeed constitutes
an optical frequency comb has been verified ex-
perimentally usingmultiheterodyne spectroscopy
(9). The uniformity of themode spacingwas shown
to be better than 1 part in 1017 (15). These devel-
opments inmicroresonator-based combs have there-
fore closely followed the early work in femtosecond
laser-based frequency combs, which was equally
focused to verify the comb modes’ equidistant
mode spacing at a similar level of precision (1).

A different class of resonators amenable to
optical frequency comb generation are crystalline
resonators (23). These are millimeter-scale reso-
nators, made by polishing a cylindrical blank, that
feature exceptional Q factors that exceed 1010

and lead to an optical finesse >107. Input and out-
put coupling of light is achieved with evanes-
cent prismatic couplers, and optical frequency
combs with a mode spacing as low as 12 GHz
have been attained (27). This frequency is low
enough to be directly detected using a photo-
detector, and such microresonators have been
employed to generate microwave signals having
high spectral purity (25, 28).

In addition to whispering gallery microres-
onators, Fabry-Perot fiber-based cavities can equal-

ly give rise to optical comb generation (29) by
using an interplay of the third-order nonlinearity
and Brillouin scattering. The Brillouin effect is
due to the scattering of a photon by an acoustic
phonon in the glass fiber and normally leads to a
reflected field with a lower frequency (shifted by
the phonon frequency of ~10 GHz in the case of
silica). Because the acoustic phonons in most
conventional materials (such as glass) are rapid-
ly damped, Brillouin scattering is normally a
phase-insensitive process. However, in the case
of strongly cascaded Brillouin scattering (and
in the simultaneous presence of FWM), even this
process can lead to the emission of a comb of
phase-locked frequency components.

Optical frequency combs have also been gener-
ated inmore compact silicon photonic circuits that
integrate both resonator and waveguide on the
same chip. An important advance in this direc-
tion has been the recent demonstration of optical
frequency comb generation in integrated silicon
nitride (SiN) resonators (30) fabricated using ap-
proaches compatible with widespread comple-
mentary metal-oxide semiconductor (CMOS)
technology. Although the opticalQ factor remains
many orders of magnitude lower (Q = 105 to 106)
than in the case of silica or crystalline resonators,
this is partially compensated for by the tight con-
finement of the field inside the microresonators
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Fig. 3. Microresonator-based frequency combs. (A) Spectrum of an octave-spanning frequency comb
generated using a silica microtoroidal resonator (24). (B) An optical frequency comb generated using a
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(Fig. 3) and the fact that SiN ex-
hibits a third-order nonlinearity of
n2= 2.5 × 10

−15 cm2/Watt, which is
approximately one order of mag-
nitude larger than that of silica or
crystalline materials such as CaF2
or MgF2.

The main benefit of this ap-
proach is that it is fully planar and
offers considerable flexibility, such
as access to dispersion engineering
through suitable resonator coatings.
Moreover, this approach allows di-
rect integration of the waveguide
on the same chip-scale platform pro-
viding a means to fabricate a com-
pact packaged device. Using an
integrated SiN resonator, optical
frequency comb generation has re-
cently been demonstrated in this
manner (31). As shown in Fig. 3,
two-thirds of an octave with mode
spacing of 204 GHz could be at-
tained when pumping at 1550 nm
with 300 mW of CW power (31).
In addition, parametric comb gen-
eration has been demonstrated with
another planar integrated resonator
using a doped silica glass (Hydex)
(32) that is also CMOS compatible
and exhibited even higher optical
Q factors(>106).

Planar integration of a frequen-
cy comb is a considerable advance
(30–32), but it is only part of a much broader class
of systems that can be envisioned. In addition to
highQ factor cavities and highly efficient coupling
techniques, recent advances in silicon nanophotonics
(33) have provided on-chip high-speed photodetec-
tors, Raman lasers, modulators, and parametric
gain (34). However, FWMnear 1550 nm in silicon
waveguides suffers from two-photon absorption,
which induces optical loss. Thus, more efficient
optical frequency comb generation in silicon could
be expected in the range >2.2 microns, which is
below half the bandgap energy for silicon, sup-
pressing two-photon absorption.

Emerging Applications for Microresonator
Combs with High Repetition Rate
Frequency combs with high repetition rates (e.g.,
10 to 1000 GHz) are desirable for a number of
applications (Fig. 4), but generation is challeng-
ing with conventional mode-locked laser-based
frequency combs due to the necessity of a short
cavity length. In addition, the high repetition rate
reduces the peak intensity of a pulse (the enhance-
ment of the peak intensity scales approximately
as the total number of comb lines). Nonetheless,
repetition rates from ~10 GHz to greater than 100
GHz have been achieved in several laser systems
(16), notably solid-state mode-locked lasers. The
spectral bandwidths of these lasers are typically
small (Dl/l < 1%), and as a result the peak
powers have been insufficient for substantial

spectral broadening. One notable exception is a
10-GHz Ti:Sapphire laser that was spectrally
broadened to cover an octave, thus enabling
full frequency stabilization (35). Mode filtering
of a comb with low repetition rate is another
option to obtain higher repetition rates but comes
at the expense of finite sidemode suppression
(because filtering is not perfect), power reduc-
tion, and dispersion-induced spectral narrowing.
In contrast, microresonator frequency combs nat-
urally provide a high-repetition rate comb, which
in some cases can span an octave (24). Although
the crystalline resonators (27) have demonstrated
mode spacings on the order of a few tens of
Gigahertz, those achieved with SiN and silica
microresonators are more typically in the range
of a few hundred Gigahertz. Increasing the size
of the microresonators lowers the repetition rate.
However, this also implies that theQ factor of the
cavity needs to increase as the radius of the res-
onator is increased in order to attain the same
level of resonant power enhancement (i.e., opti-
cal finesse defined as free spectral range divided
by the width of the resonance). A particularly in-
teresting set of applications is present for combs
with Dl/l > 10% and a repetition rate in the 10 to
100 GHz range, where it is still possible to di-
rectly measure the repetition rate with a high-
speed photodetector.

Astronomical spectrograph calibration. Preci-
sion spectroscopic measurements of periodic Dop-

pler shifts in stellar spectra have led
to the discovery of several hundred
exoplanets over the past 15 years.
Still, the detection of an Earth-like
planet within the habitable zone of a
distant star has been elusive. This is
due in large part because the Dop-
pler shift imparted by such a planet
corresponds to a radial velocity of
~10 cm/s, nearly an order of magni-
tude smaller than current detection
limits. The ability to measure Dop-
pler shifts near 1 cm/s may possibly
allow direct observation of the ac-
celeration of the expansion of the
universe (13). Although astronomical
spectroscopy with precision ap-
proaching 10−10 requires numerous
advances, it has been proposed that
an optical frequency comb could pro-
vide a near-ideal calibration grid
against which minute Doppler shifts
could be measured. Key requirements
for such a comb include broad spectral
coverage, uniform power distribution,
long-term stability, and a comb spac-
ing of three to four times the resolu-
tion of the spectrograph. For a typical
Echelle spectrograph in the visible or
near-IR, the latter condition requires a
mode spacing in the range of 10 to
30 GHz. Experiments using a low-
repetition-rate laser that is filtered
to transmit a sparse comb spectrum

have shown promising results (13, 14). However,
a frequency-stabilized optical comb generated with
a single laser and amicroresonator could be poten-
tially simpler, would be free of unsuppressed side-
modes (compared to a filtered low-repetition-rate
comb), and could be robustly packaged for unat-
tended long-term operation. Combs with some of
these qualities in the near-IR have already been
generated in crystalline resonators (27).

Telecommunications. The use of optical fre-
quency combs in the telecommunications bands
covering 1450 to 1750 nm has been envisioned,
but the channel spacing and data modulation
rates pose strict requirements on the mode spac-
ing and power levels. Due to the prevailing use of
channels that are spaced by more than 10 GHz
with power levels in the range >1 mW, optical
frequency combs have not penetrated into this do-
main. This could change as optical microresonator-
based combs reliably generate combs that have
high power per comb mode (>1 mW) and addi-
tionally can access repetition rates in the range
of 25, 50, and 100 GHz, as required for high-
capacity telecommunications. The advantage of
the optical comb generator is that it can simulta-
neously generate hundreds of telecommunica-
tion channels from a single low-power off-chip
source. Thus, a single high-power laser source and
a microresonator-based comb can in principle
replace the individual lasers used for each chan-
nel in telecommunications.
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• Generation of optical Frequency 
Combs in nonlinear micro-
cavities  

Joerg Pfeifle et al., Coherent terabit communications with
microresonator Kerr frequency combs
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derived from a Kerr frequency comb. Coherent transmission allows
both the information content and the data rate to be increased, but it
also places stringent requirements on the phase and amplitude
stability of the optical carrier. Our experiments build on systematic
investigations of comb formation dynamics4 to generate highly
stable Kerr combs with low phase noise. We encode uncorrelated
data on neighbouring comb lines using quadrature phase-shift
keying (QPSK) and 16-state quadrature amplitude modulation
(16QAM) in combination with Nyquist pulses that have nearly
rectangular power spectra and provide highest spectral efficiency.
In a first experiment, we use polarization multiplexing and a
symbol rate of 14 GBd on five QPSK channels and one 16QAM
channel to obtain an aggregate data rate of 392 Gbit s21. This
corresponds to a net spectral efficiency of 6 bit s21 Hz21

(3 bit s21 Hz21) for the 16QAM (QPSK) channels. In a second
experiment, we boost the data rate to 1.44 Tbit s21, encoded on
20 neighbouring comb lines and transmitted over a distance of
300 km. The comb is stabilized by a feedback loop that controls
the pump wavelength. The results clearly demonstrate the large
potential of Kerr frequency combs for future chip-scale terabit-
per-second communication systems. As an integration platform
for the comb source we chose SiN, because of its reliability and its
compatibility with CMOS processing24.

Our vision of a future chip-scale terabit-per-second transmitter
is illustrated in Fig. 1a. A Kerr frequency comb is generated by
exploiting multi-stage four-wave mixing (FWM) in a high-Q

Kerr-nonlinear microresonator pumped with a strong c.w.
laser2,21. The envisaged transmitter consists of a multi-chip assem-
bly, with single-mode photonic wire bonds25 connecting the indi-
vidual chips. In contrast to monolithic integration, this hybrid
approach allows the advantages of different photonic integration
platforms to be combined: for the optical pump, III–V semiconduc-
tors can be used15, while the high-Q ring resonator for Kerr comb
generation could be fabricated using, for example, low-loss SiN
waveguides24. The optical carriers are separated and individually
modulated on a transmitter chip, with large-scale silicon photonic
integration lending itself to particularly compact and energy-effi-
cient multiplexing (MUX) and de-multiplexing (DEMUX) filters13

and IQ modulators26,27.
Figure 1b illustrates the basic principle of Kerr comb generation.

Pump energy is transferred to the comb lines by two processes:
degenerate FWM, indicated by (1) in Fig. 1b, leads to the formation
of two side modes by converting two pump photons into a pair of
photons that are up- and downshifted in frequency. The magnitude
of the frequency shift is determined by the pump power and cavity
dispersion4; a multitude of cascaded non-degenerate FWM
processes, indicated by (2) in Fig. 1b, fully populate the remaining
resonances. Kerr comb generators can be extremely compact, see
Fig. 1c, which shows a scanning electron microscope (SEM)
image of a planar integrated SiN microresonator.

To maximize the spectral efficiency we used advanced modu-
lation formats that encode data both on the amplitude and the
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Figure 1 | Principles of coherent terabit-per-second communications with Kerr frequency combs. a, Artist’s view of a future chip-scale terabit-per-second
transmitter, leveraging a Kerr frequency comb source. The demonstration of coherent data transmission with Kerr combs is the subject of this work. DEMUX,
de-multiplexer; VOA, variable optical attenuator; IQ-Mod, IQ-modulator; MUX, multiplexer. b, Illustration of Kerr comb formation by multi-stage FWM.
Degenerate FWM (1) converts two photons at the pump frequency to a pair of photons that are up- and downshifted in frequency, whereas cascaded non-
degenerate FWM (2) populates the remaining resonances. c, SEM image of an integrated high-Q SiN microresonator. High-index-contrast SiN waveguides
enable dense integration. d, Constellation diagrams of QPSK and 16QAM signals, where information is encoded both in the amplitude and the phase of the
optical carrier, which can be represented by the in-phase (I, horizontal axis) and quadrature (Q, vertical axis) components of the complex electrical
field amplitude.
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derived from a Kerr frequency comb. Coherent transmission allows
both the information content and the data rate to be increased, but it
also places stringent requirements on the phase and amplitude
stability of the optical carrier. Our experiments build on systematic
investigations of comb formation dynamics4 to generate highly
stable Kerr combs with low phase noise. We encode uncorrelated
data on neighbouring comb lines using quadrature phase-shift
keying (QPSK) and 16-state quadrature amplitude modulation
(16QAM) in combination with Nyquist pulses that have nearly
rectangular power spectra and provide highest spectral efficiency.
In a first experiment, we use polarization multiplexing and a
symbol rate of 14 GBd on five QPSK channels and one 16QAM
channel to obtain an aggregate data rate of 392 Gbit s21. This
corresponds to a net spectral efficiency of 6 bit s21 Hz21

(3 bit s21 Hz21) for the 16QAM (QPSK) channels. In a second
experiment, we boost the data rate to 1.44 Tbit s21, encoded on
20 neighbouring comb lines and transmitted over a distance of
300 km. The comb is stabilized by a feedback loop that controls
the pump wavelength. The results clearly demonstrate the large
potential of Kerr frequency combs for future chip-scale terabit-
per-second communication systems. As an integration platform
for the comb source we chose SiN, because of its reliability and its
compatibility with CMOS processing24.

Our vision of a future chip-scale terabit-per-second transmitter
is illustrated in Fig. 1a. A Kerr frequency comb is generated by
exploiting multi-stage four-wave mixing (FWM) in a high-Q

Kerr-nonlinear microresonator pumped with a strong c.w.
laser2,21. The envisaged transmitter consists of a multi-chip assem-
bly, with single-mode photonic wire bonds25 connecting the indi-
vidual chips. In contrast to monolithic integration, this hybrid
approach allows the advantages of different photonic integration
platforms to be combined: for the optical pump, III–V semiconduc-
tors can be used15, while the high-Q ring resonator for Kerr comb
generation could be fabricated using, for example, low-loss SiN
waveguides24. The optical carriers are separated and individually
modulated on a transmitter chip, with large-scale silicon photonic
integration lending itself to particularly compact and energy-effi-
cient multiplexing (MUX) and de-multiplexing (DEMUX) filters13

and IQ modulators26,27.
Figure 1b illustrates the basic principle of Kerr comb generation.

Pump energy is transferred to the comb lines by two processes:
degenerate FWM, indicated by (1) in Fig. 1b, leads to the formation
of two side modes by converting two pump photons into a pair of
photons that are up- and downshifted in frequency. The magnitude
of the frequency shift is determined by the pump power and cavity
dispersion4; a multitude of cascaded non-degenerate FWM
processes, indicated by (2) in Fig. 1b, fully populate the remaining
resonances. Kerr comb generators can be extremely compact, see
Fig. 1c, which shows a scanning electron microscope (SEM)
image of a planar integrated SiN microresonator.

To maximize the spectral efficiency we used advanced modu-
lation formats that encode data both on the amplitude and the
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transmitter, leveraging a Kerr frequency comb source. The demonstration of coherent data transmission with Kerr combs is the subject of this work. DEMUX,
de-multiplexer; VOA, variable optical attenuator; IQ-Mod, IQ-modulator; MUX, multiplexer. b, Illustration of Kerr comb formation by multi-stage FWM.
Degenerate FWM (1) converts two photons at the pump frequency to a pair of photons that are up- and downshifted in frequency, whereas cascaded non-
degenerate FWM (2) populates the remaining resonances. c, SEM image of an integrated high-Q SiN microresonator. High-index-contrast SiN waveguides
enable dense integration. d, Constellation diagrams of QPSK and 16QAM signals, where information is encoded both in the amplitude and the phase of the
optical carrier, which can be represented by the in-phase (I, horizontal axis) and quadrature (Q, vertical axis) components of the complex electrical
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Phase Conjugation by Degenerate Four-Wave Mixing
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Ch. 5 3rd ORDER NONLINEARITIES

I. Optical Kerr Effect : self-focusing, nonlinear 
Shrödinger equation, self-phase modulation, 

solitons

II. Four-wave Mixing
III. Raman Scattering : spontaneous and stimulated 

Raman scattering, Raman amplification, Raman 
laser

IV. Brillouin Scattering : spontaneous and stimulated 
Brillouin scattering
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Raman Scattering

• Spontaneous Raman Scattering
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• Raman spectra of various liquids

Water Benzene

Ethanol Acetone
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• Raman scattering in a silica based optical fibre

Output Optical Spectrum
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III - Raman Scattering

• Raman scattering in a 
hollow-core photonic 
crystal fibre filled with 

ETHANOL
(Sylvie LEBRUN, LCF)

Photo : Univ. Bath
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III - Raman Scattering

• Spontaneous Raman Scattering - Microscopic origin

Molecule vibrationq(t)

€ 

q − q0 = q1 cos ωvt( )

Incident monochromatic wave :

€ 

E = E0 cos ω t( )

Induced dipole : 

€ 

p =α E (a : polarizability of the molecule)

Polarizability of the molecule 

€ 

α =α0 +
∂α
∂q
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
0

q − q0( )

€ 

p ω +ωv( )

€ 

p ω −ωv( )

€ 

p ω( )
StokesAntiStokes

w

Shifted components

Origin of the process : polarizability fluctuations
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III - Raman Scattering

wSwL

wv

‘‘optical’’ phonon
Vibrational mode of the 

molecules

wAS wL

wv

Stokes component Anti-Stokes component
• Raman Scattering - Energy level diagrams

/a>

/b>
/a>

/b>

Raman Stokes scattering :
Initial state for the medium = \a>
Creation of one Stokes photon wS is accompanied by 
the annihilation of one photon wL
Final state for the medium = \b>

Raman anti-Stokes scattering :
Initial state for the medium = \b>
Creation of one anti-Stokes photon wAS is 
accompanied by the annihilation of one photon wL
Final state for the medium = \a>

Energy

Population

Boltzmann distribution

Since 

Stokes scattering is 
predominant
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III - Raman Scattering

• Stimulated Raman scattering - Classical behavior
Molecules in vibration

q(t)

wL
wL

wAS = wL+ wv

wS = wL- wv

wv

• The beating between the wave components wL
and wS strengthens (drives) a collective and 
coherent vibration of the molecules @ wL
• Consequence : amplification of the signal @ wSwS

wL

wS

wL

Energy required to drive the dipole oscillation :

Time average
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III - Raman Scattering

• Stimulated Raman scattering - Classical behavior
Driven force applied onto the oscillator :

Equation of motion of a classical harmonic oscillator :

Applied fields :
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III - Raman Scattering

• Stimulated Raman scattering - Classical behavior

Driven solution of the form

solution

Expression of the macroscopic polarization
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III - Raman Scattering

• Stimulated Raman scattering - Classical behavior

Susceptibility expression shows that in a resonance case i.e. wv = wL - wS

negative imaginary
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III - Raman Scattering

• Stimulated Raman scattering 
Nonlinear polarization calculation @ wS (wAS) et wL solving the 
equation of motion of a classical harmonic oscillator :

€ 

PNL ωS( ) = 3ε0 χR
(3) ωS;ωL ,−ωL ,ωS( ) AL

2AS e
ikS z

PNL ωL( ) = 3ε0 χR
(3) ωL;ωS ,−ωS ,ωL( ) AS

2AL e
ikL z

Susceptibility expression shows that in a resonance case i.e. wv = wL - wS

€ 

χR
(3) ωS( ) = χR

(3) ωL( )* = Imaginaire pur négatif

Coupled equations :

€ 

∂AS

∂z
= gR AL

2AS

∂AL

∂z
= −

ωL

ωS

gR AS
2AL

€ 

Avec gR =
3ωS

2nc
χR
(3)(ωS )

Stokes wave amplification

Pump wave depletion

negative imaginary

with
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• Raman amplification :

III - Raman Scattering

€ 

dPS
dz

= −αSPS +
γR
Aeff

PLPS

dPL
dz

= −αLPL −
γR
Aeff

PSPL
€ 

Avec γR =
2 gR
2ncε0

Raman Gain of the 
medium in m.W-1

Aeff : effective mode area 
of the optical fiber

Solution in the undepleted pump approximation 

€ 

PL(z) = PL(0) e
−αL z

€ 

PS(z) = PS(0) e
−αS z e

γ R
Aeff

PL (0)Leff

€ 

Avec Leff =
1
αL

1− e−αL z( )
Effective length

Net Gain 

‘‘ON-OFF’’ Gain 

with
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III - Raman Scattering

Bromage, JLT 22, 79-93 (2004)

• Example : Raman scattering in silica fiber

Spontaneous Raman Scattering spectra 
for various doped silica

wv = 13 THz

wSwL

wv

wAS wL

wv
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• Raman amplification :

MUX

Pump Laser diode 
@ 1450 nm

Standard optical fiber

Raman gain amplification

Structure

III - Raman Scattering

Stimulated Raman 
scattering
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• Raman amplification :

III - Raman Scattering

Raman fiber amplification

Input and output 
optical spectra

Amplified spontaneous emission

45N. Dubreuil - NONLINEAR OPTICS

III - Raman Scattering

• Amplified spontaneous Raman scattering
For Ps(0)=0, spontaneous Raman scattering

Example :
Singlemode 
optical fiberwL wS

wL
Calculation of the number of Stokes photons created through the 
amplification of the photons initially created through spontaneous 
Raman scattering 

Ns(0) = 1 photon per mode

See exercise + [Agrawal, Nonlinear fiber optics,Ch8] + [Smith, Appl. Opt. 11, 2489 (1972)]

Threshold condition : optical power for which Ps(z) = PL(z)
For a lengthy fiber 

€ 

Leff ≈1/αL ≈ 20 km    @1,55 µm
Aeff = 50 µm2

Pseuil ≈ 600 mW (relatively high value)
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III - Raman Scattering
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III - Raman Scattering

• Raman scattering in a silica based optical fibre

Output Optical Spectrum

Master Laser Optique Matière Théo Claude & Alix Volte
Institut d’Optique Graduate School TP 2015/2016
Université Paris–Saclay M2 Physique

Génération de seconde harmonique et
diffusion Raman

Travaux pratiques supervisés par :
Hugo Cayla et Nicolas Dubreuil

hugo.cayla@institutoptique.fr / tél. (+33) 1 64 53 33 99
nicolas.dubreuil@institutoptique.fr / tél. (+33) 1 64 53 34 61

Institut d’Optique Graduate School

2, avenue Augustin Fresnel
91127 Palaiseau cedex

Spectre de diffusion Raman à la sortie d’une fibre de verre de 50 m.

23 novembre 2015

Crédit Photo : T. Claude, A. Volte (2015)
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• Raman fiber laser

III - Raman Scattering

Pump 
Laser

lS lS

Output 
couplerH.R.

lP

wv = wL - wS

Cascaded Raman fiber lasers

Pump laser
1117 nm

1117 nm

1175 nm
1239 nm

1390 nm
1360 nm

1480 nm1480 nm

NONLINEAR OPTICS
Ch. 5 3rd ORDER NONLINEARITIES

I. Optical Kerr Effect : self-focusing, nonlinear 
Shrödinger equation, self-phase modulation, 

solitons

II. Four-wave Mixing
III. Raman Scattering : spontaneous and stimulated 

Raman scattering, Raman amplification, Raman 
laser

IV. Brillouin Scattering : spontaneous and stimulated 
Brillouin scattering
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• Origin of the Brillouin scattering 

IV - Brillouin Scattering

Inelastic scattering due to the fluctuation of the density of the material

- presence of thermal fluctuations : spontaneous Brillouin scattering
-> scattering of light from acoustic phonons
- density fluctuations reinforced by the beating between two optical 
waves through electrostriction : stimulated Brillouin scattering

• Spontaneous Brillouin scattering

  

€ 

N = ρ0 + Δρ ei
! 
q .
! 
r −Ω t( ) + C .C

wL

€ 

Δρ(Ω,v)

Medium

Density fluctuation

Average 
density

Density fluctuation driven 
by a propagative sound 
wave 

Inelastic scattering 
onto a sound wave

54N. Dubreuil - NONLINEAR OPTICS

IV - Brillouin Scattering

Dispersion relation for sound waves

€ 

Ω = v q with v : sound velocity within the medium

Induced macroscopic polarization due to density fluctuations of the medium

  

€ 

! 
P L = N 0,Ω( )α

! 
E L ωL( )

€ 

P ωL( )
P ωS =ωL −Ω( )
P ωAS =ωL +Ω( )

Stokes wave

Anti-Stokes wave

Phase matching condition

  

€ 

! 
k S =
! 
k L −
! q 

! 
k AS =

! 
k L +
! q 
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IV - Brillouin Scattering

- amplitude of the acoustic wavevector
- phase matching condition

• Typical orders of magnitude

€ 

q > k

€ 

ΩB ≈
2ω n v
c Silica case : WB = 12 GHz

q

ks

kL

q

€ 

ΩB = 2 v
c
ω sin θ /2( )

- Brillouin frequency shift = acoustic wave frequency

The maximum frequency shift is achieved in 
a backscattering geometry (q=180°)

kL ks

q

- Linewidth of the Brillouin shift
Silica : 10 MHz
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IV - Brillouin Scattering

• Phase-matching considerations

q

kAs

kL

q € 

q > k

  

€ 

! 
k AS =

! 
k L +
! q 

! 
k L ,
! q ( ) > π /2

Anti-Stokes Scattering

kAs

kL

q

  

€ 

! 
k S =
! 
k L −
! q 

! 
k L ,
! q ( ) < π /2

Stokes Scattering

ks

kL

qq

ks

kL

q
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IV - Brillouin Scattering

• Stimulated Brillouin scattering

€ 

dIS
dz

= −gBILIS +α IS

dIL
dz

= −gBILIS −α IL

CW or quasi-CWregime : Resolution of the coupled optical and sound 
wave equations shows the following expression of the spatial intensity 
evolutions for pump and Stokes

For details See [Boyd, Ch.9] 

wL

€ 

Δρ(Ω,v)

Counterpropgating geometry
wS

W

Equations similar to SRS, with a 
difference in the sign (contra-
propa. géometry)

Ex. : silica gB = 5 10-11 m/W
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IV - Brillouin Scattering

Singlemode fiber
wL wS

wL

€ 

Leff ≈1/αL ≈ 20 km    @1,55 µm

Aeff = 50 µm2
Pseuil ≈ 1 mW !! Lower threshold than Raman 

process
Very easy to observe in CW regime

• Amplified spontaneous Brillouin scattering
For Ps(0)=0, spontaneous Brillouin scattering

Example :

Calculation of the number of Stokes photons created through the 
amplification of the photons initially created through spontaneous 
Brillouin scattering 

Ns(0) = 1 photon per mode

Threshold condition : optical power for which Ps(z) = PL(z)
For a lengthy fiber 


