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Shrödinger equation, self-phase modulation, 
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II. Four-wave Mixing
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I- Optical Kerr Effect

• Nonlinear refractive index
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I- Optical Kerr Effect

• Nonlinear refractive index
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I- Optical Kerr Effect

• Self-Phase Modulation (SPM) effect
Nonlinear wave equation, assuming an instantaneous response of the 
material and neglecting linear distortion effects (dispersion and diffraction)

Þ The phase matching is automatically fulfilled
Þ Assuming n2 is a purely real quantity, the SPM induces a phase 

variation proportionally to the intensity
Þ The beam shape (in time or space) in intensity is conserved along 

the beam propagation (neglecting linear distortion effects)
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for silica is n2 ! 3 10−20 m2/W. Interestingly, optical Kerr effect can also be induced on a wave
ω through its interaction with a second intense beam at ωp. As the refractive index change is
governed by a distinct wave, the nonlinear polarization at ω is:

P (3)(ω) = ε0χ
(3)(ω;ω,−ω,ω)E(ω)E(−ω)E(ω) + ε0χ

(3)(ω;ωp,−ωp,ω)E(ωp)E(−ωp)E(ω)

! ε0χ
(3)(ω;ωp,−ωp,ω)E(ωp)E(−ωp)E(ω),

assuming that |E(ωp)|2 # |E(ω)|2. In such a cross-effect, the nonlinear refractive index differs
by a factor 2 (because of the difference in the degeneracy factor) and we get:

n(ω) = n0(ω) + 2n2I(ωp).

4.4.2 Physical origin of n2

We briefly mention various physical origins that generate a nonlinear refractive index in mate-
rials.

Nonresonant electronic nonlinearities: This contribution arises from the bound electrons
of polarized entities. It coincides with a very fast response time, typically of the order of
10−15 s. As a non resonant effect, it gives rise to a very weak efficiency with n2 of the
order of 10−20 m2/W.

Kerr effect induced by molecular orientation: The interaction between coherent electric
fields from intense laser beams and anisotropic molecules induces an orientation of the
molecules, which exhibits a refractive index variation proportional to |E|2. Despite a
lower response time, 10−11 to 10−12 s, the n2 values are higher (10−18 − 10−17 m2/W).

Electrostriction effect: The modification of the material density under an inhomogeneous
illumination contributes to higher value for n2 (10−18 m2/W), but with a low response
time (about µs).

Thermal effect: In materials with absorption, the absorbed energy contributes to increase the
temperature of the illuminating portion of the material, and leads to a variation of the
refractive index. It may be very efficient but very slow.

4.4.3 Self-phase modulation

The modification of the refractive index necessarily induces a phase shift of the wave, which is
proportional to its intensity. In a case of the wave packet, either a temporal or spatial wave
packet, the respective intensity varies with time or space leading to a spectral broadening. This
time- or space- dependent phase shit induced by an intensity-dependent refractive index change
is called self-phase modulation effect (SPM).

As a first analysis, the linear effects such as dispersion or diffraction, which govern the
propagation of temporal or spatial wave packets in linear regime, will be neglected. The nonlinear
wave equation for a lonely wave packet propagating through an optical Kerr medium is given by

∂A(ρ, z)

∂z
= ık0n2I(ρ, z)A(ρ, z), (4.21)

where the envelope distribution A(ρ, z) is either described in time (ρ = t) or space (ρ = r)
domain. Prior to further analysis, one can notice that the phase matching condition is automat-
ically fulfilled with SPM effect.
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Considering the propagation in a lossless material, the nonlinear refractive index n2 is a
purely real quantity, and equation (4.21) shows that the wave intensity is invariant with z. The
wave equation (4.21) can be easily integrated and the solution is:

A(ρ, z) = A(ρ, 0)eık0n2I(ρ)z

= A(ρ, 0)eıΦNL(ρ,z), (4.22)

where ΦNL(ρ, z) = k0n2I(ρ)z describes the accumulated nonlinear phase shift along the prop-
agation distance z. Whereas, the envelope (or the intensity) distribution of the wave-packet
remains unchanged5, optical Kerr effect induces a self-phase modulation effect. The time, or
space, dependent nonlinear phase ΦNL(ρ, z) exhibits a spectral broadening of the pulse.

Taking the example of a temporal pulse, an order of magnitude of the spectral broadening
can be calculated by expanding the phase term related to the wave-packet electric field:

E(t) = eA(t)eı(ω0t−ΦNL(t)) + C.C.

! eA(t)e
ı
(

ω0−
dΦNL(t)

dt

)

t
+ C.C.

The self-phase modulation induced spectral broadening can be approximated by:

∆ωNL ! −
dΦNL(t)

dt
= −k0n2

dI(t)

dt
z. (4.23)

For a symmetric temporal evolution of the pulse, one expects a symmetric spectral broadening
since the intensity time variations follow the same variation for the front and tailing edge of
the pulse. However, they differ by their sign. Indeed, dI/dt is positive at the front edge of the
pulse, leading to a negative (resp. positive) frequency shift ∆ωNL for a positive (resp. negative)
nonlinear refractive index n2. During the tailing edge of the pulse, a positive (resp. negative)
frequency shift ∆ωNL is expected for a negative (resp. positive) nonlinear refractive index n2.

Self-phase modulation of a temporal pulse through a positive Kerr material (n2 > 0) is
illustrated in Figure 4.6. Whereas the envelop pulse shape remains unchanged along the prop-
agation, the optical carrier frequencies vary with time with red spectral components coinciding
with the front edge of the pulse, and blue spectral components with the tailing edge. The output
optical spectrum exhibits a broadening respect to the input spectral linewidth.

The evolution of self-phase modulation induced spectral broadening with the accumulated
nonlinear phase is plotted in Figure 4.7 for a gaussian shape pulse and experiencing nonlinear
phase from 0 to 3.5π. The amount of nonlinear phase is evaluated through ΦNL = k0n2I0z,
with I0 the intensity peak power of the pulse. As the nonlinear phase ΦNL increases, the
optical spectrum for the outgoing pulse undertakes a larger symmetric broadening, which is a
characteristic of a self-phase modulation induced spectral broadening.

4.4.4 Nonlinear Schrödinger equation

From the previous section, we have learned that the propagation of a wave packet through a
pure Kerr medium leads to a phase modification proportionally to the wave intensity. A pure
Kerr and lossless medium is then equivalent to a spatial or/and a temporal phase modulator, for
which the phase level is linearly coded with the wave intensity (and the propagation length), and
can be referred to as Kerr lens effect. Since the optical Kerr effect can be equivalently described
by a lens effect, one can easily understand the importance (and the richness) in describing the
propagation of a wave packet in a medium that includes both a nonlinear Kerr term combined
with linear effects, such as diffraction and/or dispersion.

5as |A(ρ, z)| = |A(ρ, 0)| in Eq. (4.22)

|A(t, z)|2 = |A(t, 0)|2
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|A(r, z)|2 = |A(r, 0)|2
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I- Optical Kerr Effect

• Self-Phase Modulation (SPM) effect
Nonlinear wave equation, assuming an instantaneous response of the 
material and neglecting linear distortion effects (dispersion and diffraction)
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refractive index. It may be very efficient but very slow.

4.4.3 Self-phase modulation

The modification of the refractive index necessarily induces a phase shift of the wave, which is
proportional to its intensity. In a case of the wave packet, either a temporal or spatial wave
packet, the respective intensity varies with time or space leading to a spectral broadening. This
time- or space- dependent phase shit induced by an intensity-dependent refractive index change
is called self-phase modulation effect (SPM).

As a first analysis, the linear effects such as dispersion or diffraction, which govern the
propagation of temporal or spatial wave packets in linear regime, will be neglected. The nonlinear
wave equation for a lonely wave packet propagating through an optical Kerr medium is given by

∂A(ρ, z)

∂z
= ık0n2I(ρ, z)A(ρ, z), (4.21)

where the envelope distribution A(ρ, z) is either described in time (ρ = t) or space (ρ = r)
domain. Prior to further analysis, one can notice that the phase matching condition is automat-
ically fulfilled with SPM effect.
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Considering the propagation in a lossless material, the nonlinear refractive index n2 is a
purely real quantity, and equation (4.21) shows that the wave intensity is invariant with z. The
wave equation (4.21) can be easily integrated and the solution is:

A(ρ, z) = A(ρ, 0)eık0n2I(ρ)z

= A(ρ, 0)eıΦNL(ρ,z), (4.22)

where ΦNL(ρ, z) = k0n2I(ρ)z describes the accumulated nonlinear phase shift along the prop-
agation distance z. Whereas, the envelope (or the intensity) distribution of the wave-packet
remains unchanged5, optical Kerr effect induces a self-phase modulation effect. The time, or
space, dependent nonlinear phase ΦNL(ρ, z) exhibits a spectral broadening of the pulse.

Taking the example of a temporal pulse, an order of magnitude of the spectral broadening
can be calculated by expanding the phase term related to the wave-packet electric field:

E(t) = eA(t)eı(ω0t−ΦNL(t)) + C.C.

! eA(t)e
ı
(

ω0−
dΦNL(t)

dt

)

t
+ C.C.

The self-phase modulation induced spectral broadening can be approximated by:

∆ωNL ! −
dΦNL(t)

dt
= −k0n2

dI(t)

dt
z. (4.23)

For a symmetric temporal evolution of the pulse, one expects a symmetric spectral broadening
since the intensity time variations follow the same variation for the front and tailing edge of
the pulse. However, they differ by their sign. Indeed, dI/dt is positive at the front edge of the
pulse, leading to a negative (resp. positive) frequency shift ∆ωNL for a positive (resp. negative)
nonlinear refractive index n2. During the tailing edge of the pulse, a positive (resp. negative)
frequency shift ∆ωNL is expected for a negative (resp. positive) nonlinear refractive index n2.

Self-phase modulation of a temporal pulse through a positive Kerr material (n2 > 0) is
illustrated in Figure 4.6. Whereas the envelop pulse shape remains unchanged along the prop-
agation, the optical carrier frequencies vary with time with red spectral components coinciding
with the front edge of the pulse, and blue spectral components with the tailing edge. The output
optical spectrum exhibits a broadening respect to the input spectral linewidth.

The evolution of self-phase modulation induced spectral broadening with the accumulated
nonlinear phase is plotted in Figure 4.7 for a gaussian shape pulse and experiencing nonlinear
phase from 0 to 3.5π. The amount of nonlinear phase is evaluated through ΦNL = k0n2I0z,
with I0 the intensity peak power of the pulse. As the nonlinear phase ΦNL increases, the
optical spectrum for the outgoing pulse undertakes a larger symmetric broadening, which is a
characteristic of a self-phase modulation induced spectral broadening.

4.4.4 Nonlinear Schrödinger equation

From the previous section, we have learned that the propagation of a wave packet through a
pure Kerr medium leads to a phase modification proportionally to the wave intensity. A pure
Kerr and lossless medium is then equivalent to a spatial or/and a temporal phase modulator, for
which the phase level is linearly coded with the wave intensity (and the propagation length), and
can be referred to as Kerr lens effect. Since the optical Kerr effect can be equivalently described
by a lens effect, one can easily understand the importance (and the richness) in describing the
propagation of a wave packet in a medium that includes both a nonlinear Kerr term combined
with linear effects, such as diffraction and/or dispersion.

5as |A(ρ, z)| = |A(ρ, 0)| in Eq. (4.22)
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Self-Phase Modulation

• Spectral broadening through SPM – Gaussian Pulse
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I- Optical Kerr Effect

• Cross-Phase Modulation (XPM) effect
The optical Kerr effect is then driven by the intensity of a pump wave @!! , leading
to the modification of the phase experienced by a signal wave @!
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for silica is n2 ! 3 10−20 m2/W. Interestingly, optical Kerr effect can also be induced on a wave
ω through its interaction with a second intense beam at ωp. As the refractive index change is
governed by a distinct wave, the nonlinear polarization at ω is:

P (3)(ω) = ε0χ
(3)(ω;ω,−ω,ω)E(ω)E(−ω)E(ω) + ε0χ

(3)(ω;ωp,−ωp,ω)E(ωp)E(−ωp)E(ω)

! ε0χ
(3)(ω;ωp,−ωp,ω)E(ωp)E(−ωp)E(ω),

assuming that |E(ωp)|2 # |E(ω)|2. In such a cross-effect, the nonlinear refractive index differs
by a factor 2 (because of the difference in the degeneracy factor) and we get:

n(ω) = n0(ω) + 2n2I(ωp).

4.4.2 Physical origin of n2

We briefly mention various physical origins that generate a nonlinear refractive index in mate-
rials.

Nonresonant electronic nonlinearities: This contribution arises from the bound electrons
of polarized entities. It coincides with a very fast response time, typically of the order of
10−15 s. As a non resonant effect, it gives rise to a very weak efficiency with n2 of the
order of 10−20 m2/W.

Kerr effect induced by molecular orientation: The interaction between coherent electric
fields from intense laser beams and anisotropic molecules induces an orientation of the
molecules, which exhibits a refractive index variation proportional to |E|2. Despite a
lower response time, 10−11 to 10−12 s, the n2 values are higher (10−18 − 10−17 m2/W).

Electrostriction effect: The modification of the material density under an inhomogeneous
illumination contributes to higher value for n2 (10−18 m2/W), but with a low response
time (about µs).

Thermal effect: In materials with absorption, the absorbed energy contributes to increase the
temperature of the illuminating portion of the material, and leads to a variation of the
refractive index. It may be very efficient but very slow.

4.4.3 Self-phase modulation

The modification of the refractive index necessarily induces a phase shift of the wave, which is
proportional to its intensity. In a case of the wave packet, either a temporal or spatial wave
packet, the respective intensity varies with time or space leading to a spectral broadening. This
time- or space- dependent phase shit induced by an intensity-dependent refractive index change
is called self-phase modulation effect (SPM).

As a first analysis, the linear effects such as dispersion or diffraction, which govern the
propagation of temporal or spatial wave packets in linear regime, will be neglected. The nonlinear
wave equation for a lonely wave packet propagating through an optical Kerr medium is given by

∂A(ρ, z)

∂z
= ık0n2I(ρ, z)A(ρ, z), (4.21)

where the envelope distribution A(ρ, z) is either described in time (ρ = t) or space (ρ = r)
domain. Prior to further analysis, one can notice that the phase matching condition is automat-
ically fulfilled with SPM effect.
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I- Optical Kerr Effect

➜ Nonlinear Schrödinger Equation

What have we learned ?
• propagation of a wave packet through a pure Kerr medium leads to a 

phase modification proportionally to the wave intensity.
• The phase matching condition is automatically fulfilled
• A pure Kerr and lossless medium is equivalent to a spatial or/and a 

temporal phase modulator (phase ⍺ Intensity) and leads to a spectral 
broadening

➜ SPATIAL / TEMPORAL KERR LENS EFFECT
Question : interplays between linear and nonlinear Kerr effects?

Self-focusing & de-focusing effects Solion effect
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I- Optical Kerr Effect

• Nonlinear Schrödinger Equation – Time domain

Propagation of a pulse :

2.5 Nonlinear wave equations 27

2.5.4 Nonlinear propagation of a wave-packet : transverse effects

We start with the general wave equation (2.43) and consider the propagation in a homogenous
and isotropic medium, implying the equality that ∇ × ∇ × E(r,ω) = −∆E. We can seek
solutions of the form:

E(r, t) = A(r, z)eıkze−ıωte+ CC,

and we consider that the spatial dependence of the nonlinear polarization is given by an envelope
ΠNL(r, z) through the expression :

P(r, t) = ΠNL(r, z)e
ıkpze−ıωt + CC.

After substitution in (2.43), the nonlinear wave equation takes the form:

∂2A(r, z)

∂z2
+ 2ık

∂A(r, z)

∂z
+∆TA(r, z) = −ω2µ0e ·ΠNL(r, z)e

ı∆kz ,

where ∆T stands for the transverse Laplacian (over the radial coordinate r = (x, y)), and
∆k = kp − k is the phase missmatch between the nonlinear polarization and the free wave at ω.
Assuming a weak nonlinear interaction, the slowing varying approximation leads to

!

"

#

$
∂A(r, z)

∂z
+

1

2ık
∆TA(r, z) =

ıω

2ε0nc
e ·ΠNL(r, z)e

ı∆kz (2.53)

Under the linear regime, e · ΠNL(r, z) = 0, the equation describes the deformation of the
envelope A(r, z) driven by the diffraction effect, which is described by the term 1

2ık∆TA(r, z).
The efficiency of the nonlinear interaction will be directly related to the spatial overlapping, at
a distance z, between the field envelope distribution A(r, z) and the spatial distribution of the
nonlinear polarization envelope e ·ΠNL(r, z). The latter is governed by the spatial distribution
of the interacted waves evolving under diffraction! Finally, if we neglect the diffraction effect,
equation (2.53) retrieves the form of the nonlinear wave equation (2.47) in case of a plane wave.

2.5.5 Nonlinear propagation of a wave-packet : temporal effects

We now proceed with the derivation of the nonlinear wave equation for a temporal wavepacket
subject to the modification through both the linear dispersive effects and a time varying nonlinear
polarization. As in the previous paragraph, one can seek the following forms for the electric field
and for the time dependent nonlinear polarization:

E(z, t) = A(z, t)eıβ0ze−ıω0te+CC,

PNL(z, t) = ΠNL(z, t)e
ıβpze−ıω0t + CC.

Because we need to take into account for the dispersive properties of the material, i.e. the
frequency dependent permittivity ε(ω), we start with the equation (2.45) writing:

E(z,ω) = eÃ(z,ω − ω0)e
ıβ0z

PNL(z,ω) = Π̃NL(z,ω − ω0)e
ıβpz,

which gives

∂2Ã(z,ω − ω0)

∂z2
+2ıβ0

∂Ã(z,ω − ω0)

∂z
+
[

β2(ω)− β2
0

]

Ã(z,ω−ω0) = −ω2µ0e·Π̃NL(z,ω−ω0)e
ı∆βz .

(2.54)

• We start with the wave equation in the frequency 
domain :

writing
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- Contracted notations: Let us introduce the tensor dijk = 1
2χ

(2)
ijk. We assume that the

component dijk is symmetric in its last two indices. This assumption is valid whenever
Kleinman’s symmetry condition is valid or and in addition is valid in general for two wave
mixing (as ω1 = ω2 = ω).

The notation dijk is then replaced by a contracted notation dil according to the correspon-
dence between indices l and (j, k) given in Tab. 2.1.

Tab. 2.1. Relations between dijk and the contracted notation dil.

jk 11 22 33 23 ou 32 13 ou 31 12 ou 21
l 1 2 3 4 5 6

Notice that the notation dil may differ by a factor 1/2 in different textbooks or in nonlinear
crystal datasheets.

- Spatial symmetries: The symmetry properties of materials allow a significant reduction
in the number of tensor components to be determined. Among those symmetries, let us
consider a nonlinear medium with a centrosymmetry. It means that nonlinear susceptibility
tensor is invariant through the transformation i → −i, with i = x, y, z, the three spatial
coordinates. Because of the transformations E → −E and P → −P under the centro-
symmetry, we conclude that all the components of the tensor χ(2)(ω3,ω1,ω2) must vanish

identically. More generally, centro-symmetric materials do not support any even order
optical nonlinearities.

2.5 Nonlinear wave equations

Following the propagation of the electromagnetic field in the linear regime, we next study the
propagation under the nonlinear regime. Besides the linear macroscopic polarization, we need
to add in the constitutive relation D = ε0E + P a nonlinear source term P(NL). The wave
equation (2.17), which is valid is the linear regime, contains now a nonlinear polarization vector:

∇×∇× E(r, t) +
1

c2
∂2E(r, t)

∂t2
= −µ0

∂2P(1)(r, t)

∂t2
− µ0

∂2P(NL)(r, t)

∂t2
, (2.43)

In the time Fourier domain, the wave equation becomes:

∇×∇×E(r,ω)− ω2

c2
E(r,ω) = ω2µ0P

(1)(r,ω) + ω2µ0P
(NL)(r,ω). (2.44)

In the case of a material with a local response of the the linear contribution:

P (1)(r,ω) = ε0χ
(1)(r,ω)E(r,ω),

which leads to nonlinear wave equation:
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∇×∇×E(r,ω) =

ω2

c2
ε(r,ω)E(r,ω) + ω2µ0P

(NL)(r,ω) (2.45)

with the relative permitivity defined as,

ε(r,ω) = ε0
(

1 + χ(1)(r,ω)
)

.

We next specify the derivation of Eq. (2.45) for different cases, illustrating the related ap-
proximations that can be conducted.
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2.5.4 Nonlinear propagation of a wave-packet : transverse effects

We start with the general wave equation (2.43) and consider the propagation in a homogenous
and isotropic medium, implying the equality that ∇ × ∇ × E(r,ω) = −∆E. We can seek
solutions of the form:

E(r, t) = A(r, z)eıkze−ıωte+ CC,

and we consider that the spatial dependence of the nonlinear polarization is given by an envelope
ΠNL(r, z) through the expression :

P(r, t) = ΠNL(r, z)e
ıkpze−ıωt + CC.

After substitution in (2.43), the nonlinear wave equation takes the form:

∂2A(r, z)

∂z2
+ 2ık

∂A(r, z)

∂z
+∆TA(r, z) = −ω2µ0e ·ΠNL(r, z)e

ı∆kz ,

where ∆T stands for the transverse Laplacian (over the radial coordinate r = (x, y)), and
∆k = kp − k is the phase missmatch between the nonlinear polarization and the free wave at ω.
Assuming a weak nonlinear interaction, the slowing varying approximation leads to
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∂A(r, z)

∂z
+

1

2ık
∆TA(r, z) =

ıω

2ε0nc
e ·ΠNL(r, z)e

ı∆kz (2.53)

Under the linear regime, e · ΠNL(r, z) = 0, the equation describes the deformation of the
envelope A(r, z) driven by the diffraction effect, which is described by the term 1

2ık∆TA(r, z).
The efficiency of the nonlinear interaction will be directly related to the spatial overlapping, at
a distance z, between the field envelope distribution A(r, z) and the spatial distribution of the
nonlinear polarization envelope e ·ΠNL(r, z). The latter is governed by the spatial distribution
of the interacted waves evolving under diffraction! Finally, if we neglect the diffraction effect,
equation (2.53) retrieves the form of the nonlinear wave equation (2.47) in case of a plane wave.

2.5.5 Nonlinear propagation of a wave-packet : temporal effects

We now proceed with the derivation of the nonlinear wave equation for a temporal wavepacket
subject to the modification through both the linear dispersive effects and a time varying nonlinear
polarization. As in the previous paragraph, one can seek the following forms for the electric field
and for the time dependent nonlinear polarization:

E(z, t) = A(z, t)eıβ0ze−ıω0te+CC,

PNL(z, t) = ΠNL(z, t)e
ıβpze−ıω0t + CC.

Because we need to take into account for the dispersive properties of the material, i.e. the
frequency dependent permittivity ε(ω), we start with the equation (2.45) writing:

E(z,ω) = eÃ(z,ω − ω0)e
ıβ0z

PNL(z,ω) = Π̃NL(z,ω − ω0)e
ıβpz,

which gives

∂2Ã(z,ω − ω0)

∂z2
+2ıβ0

∂Ã(z,ω − ω0)

∂z
+
[

β2(ω)− β2
0

]

Ã(z,ω−ω0) = −ω2µ0e·Π̃NL(z,ω−ω0)e
ı∆βz .

(2.54)
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Under the linear regime, e · ΠNL(r, z) = 0, the equation describes the deformation of the
envelope A(r, z) driven by the diffraction effect, which is described by the term 1

2ık∆TA(r, z).
The efficiency of the nonlinear interaction will be directly related to the spatial overlapping, at
a distance z, between the field envelope distribution A(r, z) and the spatial distribution of the
nonlinear polarization envelope e ·ΠNL(r, z). The latter is governed by the spatial distribution
of the interacted waves evolving under diffraction! Finally, if we neglect the diffraction effect,
equation (2.53) retrieves the form of the nonlinear wave equation (2.47) in case of a plane wave.

2.5.5 Nonlinear propagation of a wave-packet : temporal effects

We now proceed with the derivation of the nonlinear wave equation for a temporal wavepacket
subject to the modification through both the linear dispersive effects and a time varying nonlinear
polarization. As in the previous paragraph, one can seek the following forms for the electric field
and for the time dependent nonlinear polarization:

E(z, t) = A(z, t)eıβ0ze−ıω0te+CC,

PNL(z, t) = ΠNL(z, t)e
ıβpze−ıω0t + CC.

Because we need to take into account for the dispersive properties of the material, i.e. the
frequency dependent permittivity ε(ω), we start with the equation (2.45) writing:

E(z,ω) = eÃ(z,ω − ω0)e
ıβ0z

PNL(z,ω) = Π̃NL(z,ω − ω0)e
ıβpz,

which gives

∂2Ã(z,ω − ω0)

∂z2
+2ıβ0
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I- Optical Kerr Effect

• Power series expansion of b(w) :

€ 

Δω <<ω0

28 2 NONLINEAR WAVE EQUATIONS

In the following, the pulse duration is supposed to be very small compare to the time period
1/ω0 of the optical carrier. Its spectral linewidth being very narrow (∆ω ! ω0), one can use a
Taylor’s expansion of β2(ω) around ω0 :

β(ω) = β0 + β1∆ω +
β2
2
∆ω2 + · · · ,

β2(ω) " β2
0 + 2β0β1∆ω +

(

β2
1 + β0β2

)

∆ω2 + · · · ,

with βi =
∂iβ
∂ωi calculated for ω = ω0. The wave equation is then expressed into the time domain:

∂2A(z, t)

∂z2
+ 2ıβ0

∂A(z, t)

∂z
+ 2ıβ0β1

∂A(z, t)

∂t
−

[

β2
1 + β0β2

] ∂2A(z, t)

∂t2
=

µ0e ·
[

−ω2
0ΠNL(z, t)− 2ıω0

∂ΠNL(z, t)

∂t
+

∂2ΠNL(z, t)

∂t2

]

eı∆βz.

Considering that the envelopeA(t) travels at the group velocity vg = 1/β1, the wave equation
can be simplified by introducing the retarded time variable τ = t− z/vg. The wave equation in
the time base τ is then:

∂2A(z, τ)

∂z2
− 2β1

∂2A(z, τ)

∂z∂τ
+ 2ıβ0

∂A(z, τ)

∂z
− β0β2

∂2A(z, τ)

∂τ2
=

µ0e ·
[

−ω2
0ΠNL(z, τ) − 2ıω0

∂ΠNL(z, τ)

∂τ
+

∂2ΠNL(z, τ)

∂τ2

]

eı∆βz.

We then proceed with few assumptions in order to derive a simplified nonlinear wave equation:

• slowly varying approximation for the envelope that implies:
∣
∣
∣
∂2A(z,τ)

∂z2

∣
∣
∣ !

∣
∣
∣β0

∂A(z,τ)
∂z

∣
∣
∣,

• narrow spectral linewidth of the pulse, which means that
∣
∣
∣
∂A(z,t)

∂τ

∣
∣
∣ ! ω0A(z, τ). If we

suppose that the group velocity vg = 1/β1 is close to the phase velocity vφ " c/n0, then:∣
∣
∣2β1

∂2A(z,τ)
∂z∂τ

∣
∣
∣ ! 2

∣
∣
∣β0

∂A(z,τ)
∂z

∣
∣
∣,

• finally, the slowly varying approximation for the envelope implies a slow variation of the
nonlinear polarization envelope, which means that :

ω2
0ΠNL(z, τ) $ 2ω0

∂ΠNL(z, τ)

∂τ
$ ∂2ΠNL(z, τ)

∂τ2
.

Following those assumptions, the nonlinear wave equation for a temporal wavepacket is:
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∂A(z, τ)

∂z
+

ıβ2
2

∂2A(z, τ)

∂τ2
=

ıω

2ε0nc
e ·ΠNL(z, τ)e

ı∆kz (2.55)

Under the linear regime, e ·ΠNL(z, τ) = 0, the equation describes the temporal dispersion

of the pulse A(z, τ) governed by the term ıβ2
2

∂2A(z,τ)
∂τ2 . Because we have only considered the

2nd order dispersive effects β2, one could easily introduce higher order dispersive effects by
simply extending the Taylor’s expansion for β(ω). As in the case of the transverse wave packet
propagation, the efficiency of the nonlinear interaction is related to the temporal overlapping,
at a distance z, between the field envelope distribution A(z, τ) and the temporal distribution
of the nonlinear polarization envelope e · ΠNL(z, τ). The latter is governed by the temporal
distribution of the interacted dispersed pulses !

• after substitution and following a Fourier 
transformation, the wave equation yields

2.3 Linear wave equation 15

Linear susceptibility

From Eq. (2.14), the propagation relation in a frequency domain is straightforward and is
expressed in terms of the Fourier components of electric field and polarization. The conventions
for the Fourier transform that will be used in the course are :!
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Convention for the Fourier transform :

E(t) =

∫

E(ω)e−ıωtdω

E(ω) =
1

2π

∫

E(t)e+ıωtdt

The Eq. (2.14) can be rewritten in terms of the Fourier components :

P (ω) = ε0χ
(1)(ω)E(ω), (2.15)

where we have introduced the linear susceptibility, which is directly proportionnal to the Fourier
transform of system’s impulse response :

χ(1)(ω) = 2πTF
[

R(1)(t)
]

.

The reality of the function R(1)(t) implies that χ(1)(ω)" = χ(1)(−ω). Finally, the causality

property enables to derive the Kramers-Kronig relations that relates the real and imaginary
parts of the linear susceptibility.

2.3.2 Linear wave equation in an anisotropic medium

The linear propagation of the electromagnetic fields in a dielectric medium, free of charges and
current is governed by the following Maxwell’s equations :









∇× E = −∂B

∂t
∇ ·D = 0

∇×H =
∂D

∂t
∇ ·B = 0, (2.16)

whith the constitutive relationsD = ε0E+P and B = µ0H . In order to derive a wave equation
for the electric field E , the magnetic field dependence is suppressed by taking the curl of the
first equation, using the relation between H and D and the constitutive relations:

∇×∇× E(t) +
1

c2
∂2E

∂t2
= −µ0

∂2P

∂t2
. (2.17)

In the Fourier domain, this wave equation becomes :

∇×∇×E(ω)− ω2

c2
E(ω) = ω2µ0P (ω). (2.18)

An anisotropic medium is characterized by the tensorial relation between vectors D and E .
Conversely to an isotropic medium, the direction of the two vectors may differ:

D(ω) = ε(ω)E(ω), (2.19)
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In the following, the pulse duration is supposed to be very small compare to the time period
1/ω0 of the optical carrier. Its spectral linewidth being very narrow (∆ω ! ω0), one can use a
Taylor’s expansion of β2(ω) around ω0 :
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with βi =
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∂ωi calculated for ω = ω0. The wave equation is then expressed into the time domain:
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Considering that the envelopeA(t) travels at the group velocity vg = 1/β1, the wave equation
can be simplified by introducing the retarded time variable τ = t− z/vg. The wave equation in
the time base τ is then:
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We then proceed with few assumptions in order to derive a simplified nonlinear wave equation:

• slowly varying approximation for the envelope that implies:
∣
∣
∣
∂2A(z,τ)

∂z2

∣
∣
∣ !

∣
∣
∣β0

∂A(z,τ)
∂z

∣
∣
∣,
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• finally, the slowly varying approximation for the envelope implies a slow variation of the
nonlinear polarization envelope, which means that :
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0ΠNL(z, τ) $ 2ω0

∂ΠNL(z, τ)

∂τ
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.

Following those assumptions, the nonlinear wave equation for a temporal wavepacket is:
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Under the linear regime, e ·ΠNL(z, τ) = 0, the equation describes the temporal dispersion

of the pulse A(z, τ) governed by the term ıβ2
2

∂2A(z,τ)
∂τ2 . Because we have only considered the

2nd order dispersive effects β2, one could easily introduce higher order dispersive effects by
simply extending the Taylor’s expansion for β(ω). As in the case of the transverse wave packet
propagation, the efficiency of the nonlinear interaction is related to the temporal overlapping,
at a distance z, between the field envelope distribution A(z, τ) and the temporal distribution
of the nonlinear polarization envelope e · ΠNL(z, τ). The latter is governed by the temporal
distribution of the interacted dispersed pulses !

• Nonlinear Schrödinger Equation – Time domain

• Time coordinate transformation 
(introduction of a retarded time)
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Under the linear regime, e ·ΠNL(z, τ) = 0, the equation describes the temporal dispersion

of the pulse A(z, τ) governed by the term ıβ2
2

∂2A(z,τ)
∂τ2 . Because we have only considered the

2nd order dispersive effects β2, one could easily introduce higher order dispersive effects by
simply extending the Taylor’s expansion for β(ω). As in the case of the transverse wave packet
propagation, the efficiency of the nonlinear interaction is related to the temporal overlapping,
at a distance z, between the field envelope distribution A(z, τ) and the temporal distribution
of the nonlinear polarization envelope e · ΠNL(z, τ). The latter is governed by the temporal
distribution of the interacted dispersed pulses !
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In the following, the pulse duration is supposed to be very small compare to the time period
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Under the linear regime, e ·ΠNL(z, τ) = 0, the equation describes the temporal dispersion

of the pulse A(z, τ) governed by the term ıβ2
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∂τ2 . Because we have only considered the

2nd order dispersive effects β2, one could easily introduce higher order dispersive effects by
simply extending the Taylor’s expansion for β(ω). As in the case of the transverse wave packet
propagation, the efficiency of the nonlinear interaction is related to the temporal overlapping,
at a distance z, between the field envelope distribution A(z, τ) and the temporal distribution
of the nonlinear polarization envelope e · ΠNL(z, τ). The latter is governed by the temporal
distribution of the interacted dispersed pulses !

(Group velocity)
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spatial case, one can seek the following forms for the electric field and for the time dependent
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E(z,!) = eÃ(z,! � !0)e
ı�0z

PNL(z,!) = ⇧̃NL(z,! � !0)e
ı�pz,

which gives
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In the following, the pulse duration is supposed to be very small compare to the time period
1/!0 of the optical carrier. Its spectral linewidth being very narrow (�! ⌧ !0), one can use a
Taylor’s expansion of �2(!) around !0 :

�(!) = �0 + �1�! +
�2
2
�!2 + · · · ,

�2(!) ' �2
0 + 2�0�1�! +

�
�2
1 + �0�2

�
�!2 + · · · ,

with �i =
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Considering that the envelope A(t) travels at the group velocity vg = 1/�1, the wave equation
can be simplified by introducing the retarded time variable ⌧ = t� z/vg. The wave equation in
the time base ⌧ is then:
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We then proceed with few assumptions in order to derive a simplified nonlinear wave equation:

• slowly varying approximation for the envelope that implies:
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• narrow spectral linewidth of the pulse, which means that
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• finally, the slowly varying approximation for the envelope implies a slow variation of the
nonlinear polarization envelope, which means that :
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.
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I- Optical Kerr Effect

• Slow variation of PNL(t)
within a time period T=2π/w0

• Slowly-varying amplitude approximation

28 2 NONLINEAR WAVE EQUATIONS

In the following, the pulse duration is supposed to be very small compare to the time period
1/ω0 of the optical carrier. Its spectral linewidth being very narrow (∆ω ! ω0), one can use a
Taylor’s expansion of β2(ω) around ω0 :

β(ω) = β0 + β1∆ω +
β2
2
∆ω2 + · · · ,

β2(ω) " β2
0 + 2β0β1∆ω +

(

β2
1 + β0β2

)

∆ω2 + · · · ,

with βi =
∂iβ
∂ωi calculated for ω = ω0. The wave equation is then expressed into the time domain:

∂2A(z, t)

∂z2
+ 2ıβ0

∂A(z, t)

∂z
+ 2ıβ0β1

∂A(z, t)

∂t
−

[

β2
1 + β0β2

] ∂2A(z, t)

∂t2
=

µ0e ·
[

−ω2
0ΠNL(z, t)− 2ıω0

∂ΠNL(z, t)

∂t
+

∂2ΠNL(z, t)

∂t2

]

eı∆βz.

Considering that the envelopeA(t) travels at the group velocity vg = 1/β1, the wave equation
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• finally, the slowly varying approximation for the envelope implies a slow variation of the
nonlinear polarization envelope, which means that :
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Following those assumptions, the nonlinear wave equation for a temporal wavepacket is:
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Under the linear regime, e ·ΠNL(z, τ) = 0, the equation describes the temporal dispersion

of the pulse A(z, τ) governed by the term ıβ2
2

∂2A(z,τ)
∂τ2 . Because we have only considered the

2nd order dispersive effects β2, one could easily introduce higher order dispersive effects by
simply extending the Taylor’s expansion for β(ω). As in the case of the transverse wave packet
propagation, the efficiency of the nonlinear interaction is related to the temporal overlapping,
at a distance z, between the field envelope distribution A(z, τ) and the temporal distribution
of the nonlinear polarization envelope e · ΠNL(z, τ). The latter is governed by the temporal
distribution of the interacted dispersed pulses !
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• finally, the slowly varying approximation for the envelope implies a slow variation of the
nonlinear polarization envelope, which means that :
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Following those assumptions, the nonlinear wave equation for a temporal wavepacket is:
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Under the linear regime, e ·ΠNL(z, τ) = 0, the equation describes the temporal dispersion

of the pulse A(z, τ) governed by the term ıβ2
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∂2A(z,τ)
∂τ2 . Because we have only considered the

2nd order dispersive effects β2, one could easily introduce higher order dispersive effects by
simply extending the Taylor’s expansion for β(ω). As in the case of the transverse wave packet
propagation, the efficiency of the nonlinear interaction is related to the temporal overlapping,
at a distance z, between the field envelope distribution A(z, τ) and the temporal distribution
of the nonlinear polarization envelope e · ΠNL(z, τ). The latter is governed by the temporal
distribution of the interacted dispersed pulses !
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In the following, the pulse duration is supposed to be very small compare to the time period
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• finally, the slowly varying approximation for the envelope implies a slow variation of the
nonlinear polarization envelope, which means that :
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Under the linear regime, e ·ΠNL(z, τ) = 0, the equation describes the temporal dispersion

of the pulse A(z, τ) governed by the term ıβ2
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∂2A(z,τ)
∂τ2 . Because we have only considered the

2nd order dispersive effects β2, one could easily introduce higher order dispersive effects by
simply extending the Taylor’s expansion for β(ω). As in the case of the transverse wave packet
propagation, the efficiency of the nonlinear interaction is related to the temporal overlapping,
at a distance z, between the field envelope distribution A(z, τ) and the temporal distribution
of the nonlinear polarization envelope e · ΠNL(z, τ). The latter is governed by the temporal
distribution of the interacted dispersed pulses !
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• finally, the slowly varying approximation for the envelope implies a slow variation of the
nonlinear polarization envelope, which means that :
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Under the linear regime, e ·ΠNL(z, τ) = 0, the equation describes the temporal dispersion

of the pulse A(z, τ) governed by the term ıβ2
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∂τ2 . Because we have only considered the

2nd order dispersive effects β2, one could easily introduce higher order dispersive effects by
simply extending the Taylor’s expansion for β(ω). As in the case of the transverse wave packet
propagation, the efficiency of the nonlinear interaction is related to the temporal overlapping,
at a distance z, between the field envelope distribution A(z, τ) and the temporal distribution
of the nonlinear polarization envelope e · ΠNL(z, τ). The latter is governed by the temporal
distribution of the interacted dispersed pulses !
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+ 2ıβ0
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∂z
+ 2ıβ0β1

∂A(z, t)

∂t
−

[

β2
1 + β0β2

] ∂2A(z, t)

∂t2
=

µ0e ·
[

−ω2
0ΠNL(z, t)− 2ıω0

∂ΠNL(z, t)

∂t
+

∂2ΠNL(z, t)

∂t2

]

eı∆βz.

Considering that the envelopeA(t) travels at the group velocity vg = 1/β1, the wave equation
can be simplified by introducing the retarded time variable τ = t− z/vg. The wave equation in
the time base τ is then:

∂2A(z, τ)

∂z2
− 2β1

∂2A(z, τ)

∂z∂τ
+ 2ıβ0

∂A(z, τ)

∂z
− β0β2

∂2A(z, τ)

∂τ2
=

µ0e ·
[

−ω2
0ΠNL(z, τ) − 2ıω0

∂ΠNL(z, τ)

∂τ
+

∂2ΠNL(z, τ)

∂τ2

]

eı∆βz.

We then proceed with few assumptions in order to derive a simplified nonlinear wave equation:

• slowly varying approximation for the envelope that implies:
∣
∣
∣
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∂z2

∣
∣
∣ !

∣
∣
∣β0

∂A(z,τ)
∂z

∣
∣
∣,

• narrow spectral linewidth of the pulse, which means that
∣
∣
∣
∂A(z,t)

∂τ

∣
∣
∣ ! ω0A(z, τ). If we

suppose that the group velocity vg = 1/β1 is close to the phase velocity vφ " c/n0, then:∣
∣
∣2β1

∂2A(z,τ)
∂z∂τ

∣
∣
∣ ! 2

∣
∣
∣β0

∂A(z,τ)
∂z

∣
∣
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• finally, the slowly varying approximation for the envelope implies a slow variation of the
nonlinear polarization envelope, which means that :

ω2
0ΠNL(z, τ) $ 2ω0

∂ΠNL(z, τ)

∂τ
$ ∂2ΠNL(z, τ)

∂τ2
.

Following those assumptions, the nonlinear wave equation for a temporal wavepacket is:

!

"

#

$
∂A(z, τ)

∂z
+

ıβ2
2

∂2A(z, τ)

∂τ2
=

ıω

2ε0nc
e ·ΠNL(z, τ)e

ı∆kz (2.55)

Under the linear regime, e ·ΠNL(z, τ) = 0, the equation describes the temporal dispersion

of the pulse A(z, τ) governed by the term ıβ2
2

∂2A(z,τ)
∂τ2 . Because we have only considered the

2nd order dispersive effects β2, one could easily introduce higher order dispersive effects by
simply extending the Taylor’s expansion for β(ω). As in the case of the transverse wave packet
propagation, the efficiency of the nonlinear interaction is related to the temporal overlapping,
at a distance z, between the field envelope distribution A(z, τ) and the temporal distribution
of the nonlinear polarization envelope e · ΠNL(z, τ). The latter is governed by the temporal
distribution of the interacted dispersed pulses !

• Nonlinear Schrödinger Equation – Time domain

28 3 NONLINEAR WAVE EQUATIONS

spatial case, one can seek the following forms for the electric field and for the time dependent
nonlinear polarization:

E(z, t) = A(z, t)eı�0ze�ı!0te+ CC,

PNL(z, t) = ⇧NL(z, t)e
ı�pze�ı!0t + CC.

Because we need to take into account for the dispersive properties of the material, i.e. the
frequency dependent permittivity ✏(!), we start with the equation (3.14) writing:

E(z,!) = eÃ(z,! � !0)e
ı�0z

PNL(z,!) = ⇧̃NL(z,! � !0)e
ı�pz,

which gives

@2Ã(z,! � !0)

@z2
+2ı�0

@Ã(z,! � !0)

@z
+
⇥
�2(!)� �2

0

⇤
Ã(z,!�!0) = �!2µ0e·⇧̃NL(z,!�!0)e

ı��z.

(3.23)
In the following, the pulse duration is supposed to be very small compare to the time period
1/!0 of the optical carrier. Its spectral linewidth being very narrow (�! ⌧ !0), one can use a
Taylor’s expansion of �2(!) around !0 :

�(!) = �0 + �1�! +
�2
2
�!2 + · · · ,

�2(!) ' �2
0 + 2�0�1�! +

�
�2
1 + �0�2

�
�!2 + · · · ,

with �i =
@i�
@!i calculated for ! = !0. The wave equation is then expressed into the time domain:

@2A(z, t)

@z2
+ 2ı�0

@A(z, t)

@z
+ 2ı�0�1

@A(z, t)

@t
�

⇥
�2
1 + �0�2

⇤ @2A(z, t)

@t2
=

µ0e ·

�!2

0⇧NL(z, t)� 2ı!0
@⇧NL(z, t)

@t
+

@2⇧NL(z, t)

@t2

�
eı��z.

Considering that the envelope A(t) travels at the group velocity vg = 1/�1, the wave equation
can be simplified by introducing the retarded time variable ⌧ = t� z/vg. The wave equation in
the time base ⌧ is then:

@2A(z, ⌧)

@z2
� 2�1

@2A(z, ⌧)

@z@⌧
+ 2ı�0

@A(z, ⌧)

@z
� �0�2

@2A(z, ⌧)

@⌧2
=

µ0e ·

�!2

0⇧NL(z, ⌧)� 2ı!0
@⇧NL(z, ⌧)

@⌧
+

@2⇧NL(z, ⌧)

@⌧2

�
eı��z.

We then proceed with few assumptions in order to derive a simplified nonlinear wave equation:

• slowly varying approximation for the envelope that implies:
���@

2A(z,⌧)
@z2

��� ⌧
����0 @A(z,⌧)

@z

���,

• narrow spectral linewidth of the pulse, which means that
���@A(z,t)

@⌧

��� ⌧ !0A(z, ⌧). If we

suppose that the group velocity vg = 1/�1 is close to the phase velocity v� ' c/n0, then:���2�1 @
2A(z,⌧)
@z@⌧

��� ⌧ 2
����0 @A(z,⌧)

@z

���,

• finally, the slowly varying approximation for the envelope implies a slow variation of the
nonlinear polarization envelope, which means that :

!2
0⇧NL(z, ⌧) � 2!0

@⇧NL(z, ⌧)

@⌧
� @2⇧NL(z, ⌧)

@⌧2
.
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At this stage, and without any formalism, one can easily anticipate three basic features
that will arise by considering the propagation through a Kerr material taking into account the
diffraction or the dispersion effects:

Self-focusing effect: Whereas the beam would expand along the propagation due to the linear
term (diffraction in space, dispersion in time domains), as the intensity increases and
considering a positive n2 > 0, the accumulated Kerr lens along the propagation will tend
to counter-balance the linear effect and to focus the beam. As it will be shown below,
self-focusing effect for a temporal wave packet requires an anomalous dispersion regime
(β2 < 0).

De-focusing effect: For a spatial beam, a defocusing effect appears once the Kerr lens acts
as a divergent lens for n2 < 0. In the time domain, defocusing arises when the nonlinear
refractive index n2 and the second order dispersion coefficient β2 are similar in signs.

Soliton effect: Finally, one can easily anticipate a situation where the beam expansion, gov-
erned by a linear term, is perfectly counter-balanced by the nonlinear Kerr lens effect,
which leads to an invariance in the beam size along the propagation. Such a specific sit-
uation refers to as a soliton effect, and can be observed either in time or space domain.
While the beam propagates, it records its own Kerr lens that strictly compensates for the
expansion driven by either the diffraction of the dispersion effects. Such a nonlinear prop-
agation regime founds similitudes with the propagation in optical waveguides6. Whereas a
spatial soliton is similar to a two-dimension waveguide, with an index profile self-recorded
by the spatial beam, a temporal soliton is temporal analogue waveguide !

A more accurate description requires to derive a nonlinear equation that includes both a
linear and Kerr terms. Subsequently, we consider the nonlinear propagation of a pulse
through a dispersive and nonlinear Kerr material. Using the nonlinear equation (3.24),
and substituting the expression for the nonlinear polarization envelop in case of a pure Kerr
effect:

ΠNL(t, z) = ε0χ
(3)
eff |A(t, z)|

2A(t, z)e,

yields the derivation of two wave equations in time and space:

∂A(τ, z)

∂z
+

ıβ2
2

∂2A(τ, z)

∂τ2
− ıγ′|A(τ, z)|2A(τ, z) = 0, (5.23)

with γ′ = ω0
2ncχ

(3)
eff . Note that the wave equation (5.23) implies to neglect the nonlinear suscep-

tibility dispersion of the material, such as the effective susceptibility χ(3)
eff is kept constant with

negligible frequency variation. In an other way, one considers the time response of the materials
much faster than the pulse duration, which is an assumption easily verified for pulse duration
longer than few picoseconds in dielectric materials.

Normalized Equation - Dispersion and Nonlinear lengths

In order to give physics insight into the derived nonlinear equations and to handle their numerical
simulation, the following unitary variables are introduced:

• Unitary time T = τ
τ0
, with τ0 the pulse duration,

• Unitary field envelope u with A(t, z) =
√

I0
2ncε0

u(t, z), where I0 the peak intensity of the

pulse or beam.

6A guided mode is a solution of a linear wave equation in an inhomogeneous linear material for which, diffraction
effect is strictly counterbalanced by the refractive index inhomogeneity of the wave guide.
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At this stage, and without any formalism, one can easily anticipate three basic features
that will arise by considering the propagation through a Kerr material taking into account the
diffraction or the dispersion effects:

Self-focusing effect: Whereas the beam would expand along the propagation due to the linear
term (diffraction in space, dispersion in time domains), as the intensity increases and
considering a positive n2 > 0, the accumulated Kerr lens along the propagation will tend
to counter-balance the linear effect and to focus the beam. As it will be shown below,
self-focusing effect for a temporal wave packet requires an anomalous dispersion regime
(β2 < 0).

De-focusing effect: For a spatial beam, a defocusing effect appears once the Kerr lens acts
as a divergent lens for n2 < 0. In the time domain, defocusing arises when the nonlinear
refractive index n2 and the second order dispersion coefficient β2 are similar in signs.

Soliton effect: Finally, one can easily anticipate a situation where the beam expansion, gov-
erned by a linear term, is perfectly counter-balanced by the nonlinear Kerr lens effect,
which leads to an invariance in the beam size along the propagation. Such a specific sit-
uation refers to as a soliton effect, and can be observed either in time or space domain.
While the beam propagates, it records its own Kerr lens that strictly compensates for the
expansion driven by either the diffraction of the dispersion effects. Such a nonlinear prop-
agation regime founds similitudes with the propagation in optical waveguides6. Whereas a
spatial soliton is similar to a two-dimension waveguide, with an index profile self-recorded
by the spatial beam, a temporal soliton is temporal analogue waveguide !

A more accurate description requires to derive a nonlinear equation that includes both a
linear and Kerr terms. Subsequently, we consider the nonlinear propagation of a pulse
through a dispersive and nonlinear Kerr material. Using the nonlinear equation (3.24),
and substituting the expression for the nonlinear polarization envelop in case of a pure Kerr
effect:

ΠNL(t, z) = ε0χ
(3)
eff |A(t, z)|

2A(t, z)e,

yields the derivation of two wave equations in time and space:

∂A(τ, z)

∂z
+

ıβ2
2

∂2A(τ, z)

∂τ2
− ıγ′|A(τ, z)|2A(τ, z) = 0, (5.23)

with γ′ = ω0
2ncχ

(3)
eff . Note that the wave equation (5.23) implies to neglect the nonlinear suscep-

tibility dispersion of the material, such as the effective susceptibility χ(3)
eff is kept constant with

negligible frequency variation. In an other way, one considers the time response of the materials
much faster than the pulse duration, which is an assumption easily verified for pulse duration
longer than few picoseconds in dielectric materials.

Normalized Equation - Dispersion and Nonlinear lengths

In order to give physics insight into the derived nonlinear equations and to handle their numerical
simulation, the following unitary variables are introduced:

• Unitary time T = τ
τ0
, with τ0 the pulse duration,

• Unitary field envelope u with A(t, z) =
√

I0
2ncε0

u(t, z), where I0 the peak intensity of the

pulse or beam.

6A guided mode is a solution of a linear wave equation in an inhomogeneous linear material for which, diffraction
effect is strictly counterbalanced by the refractive index inhomogeneity of the wave guide.

• Nonlinear Schrödinger Equation – SPATIAL domain

5.4 Optical Kerr E↵ect 59

At this stage, and without any formalism, one can easily anticipate three basic features
that will arise by considering the propagation through a Kerr material taking into account the
di↵raction or the dispersion e↵ects:

Self-focusing e↵ect: Whereas the beam would expand along the propagation due to the linear
term (di↵raction in space, dispersion in time domains), as the intensity increases and
considering a positive n2 > 0, the accumulated Kerr lens along the propagation will tend
to counter-balance the linear e↵ect and to focus the beam. As it will be shown below,
self-focusing e↵ect for a temporal wave packet requires an anomalous dispersion regime
(�2 < 0).

De-focusing e↵ect: For a spatial beam, a defocusing e↵ect appears once the Kerr lens acts
as a divergent lens for n2 < 0. In the time domain, defocusing arises when the nonlinear
refractive index n2 and the second order dispersion coe�cient �2 are similar in signs.

Soliton e↵ect: Finally, one can easily anticipate a situation where the beam expansion, gov-
erned by a linear term, is perfectly counter-balanced by the nonlinear Kerr lens e↵ect,
which leads to an invariance in the beam size along the propagation. Such a specific sit-
uation refers to as a soliton e↵ect, and can be observed either in time or space domain.
While the beam propagates, it records its own Kerr lens that strictly compensates for the
expansion driven by either the di↵raction of the dispersion e↵ects. Such a nonlinear prop-
agation regime founds similitudes with the propagation in optical waveguides6. Whereas a
spatial soliton is similar to a two-dimension waveguide, with an index profile self-recorded
by the spatial beam, a temporal soliton is temporal analogue waveguide !

A more accurate description requires to derive a nonlinear equation that includes both a
linear and Kerr terms. Subsequently, the linear e↵ects coincide either to di↵raction, which
operates in the spatial domain, or to the second-order dispersion e↵ect, which operates in time.
Using the nonlinear equations (3.22) and (3.24), and substituting the expression for the nonlinear
polarization envelop in case of a pure Kerr e↵ect:

⇧NL(⇢, z) = ✏0�
(3)
e↵ |A(⇢, z)|2A(⇢, z)e,

yields the derivation of two wave equations in time and space:

@A(⌧, z)

@z
+

ı�2
2

@2A(⌧, z)

@⌧2
� ı�|A(⌧, z)|2A(⌧, z) = 0, (5.24)

@A(r, z)

@z
+

1

2ık
�TA(r, z)� ı�|A(r, z)|2A(r, z) = 0, (5.25)

with � = !0
2nc�

(3)
e↵ . Note that the wave equation in time (5.24) implies to neglect the nonlinear

susceptibility dispersion of the material, such as the e↵ective susceptibility �(3)
e↵ is kept constant

with negligible frequency variation. In an other way, one considers the time response of the
materials much faster than the pulse duration, which is an assumption easily verified for sub
picosecond pulse in dielectric materials.

Normalized Equation - Dispersion and Nonlinear lengths

In order to give physics insight into the derived nonlinear equations and to handle their numerical
simulation, the following unitary variables are introduced:

6A guided mode is a solution of a linear wave equation in an inhomogeneous linear material for which, di↵raction
e↵ect is strictly counterbalanced by the refractive index inhomogeneity of the wave guide.

Diffraction 
effect

Nonlinear Kerr term
(phase variation ⍺

Intensity)
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At this stage, and without any formalism, one can easily anticipate three basic features
that will arise by considering the propagation through a Kerr material taking into account the
diffraction or the dispersion effects:

Self-focusing effect: Whereas the beam would expand along the propagation due to the linear
term (diffraction in space, dispersion in time domains), as the intensity increases and
considering a positive n2 > 0, the accumulated Kerr lens along the propagation will tend
to counter-balance the linear effect and to focus the beam. As it will be shown below,
self-focusing effect for a temporal wave packet requires an anomalous dispersion regime
(β2 < 0).

De-focusing effect: For a spatial beam, a defocusing effect appears once the Kerr lens acts
as a divergent lens for n2 < 0. In the time domain, defocusing arises when the nonlinear
refractive index n2 and the second order dispersion coefficient β2 are similar in signs.

Soliton effect: Finally, one can easily anticipate a situation where the beam expansion, gov-
erned by a linear term, is perfectly counter-balanced by the nonlinear Kerr lens effect,
which leads to an invariance in the beam size along the propagation. Such a specific sit-
uation refers to as a soliton effect, and can be observed either in time or space domain.
While the beam propagates, it records its own Kerr lens that strictly compensates for the
expansion driven by either the diffraction of the dispersion effects. Such a nonlinear prop-
agation regime founds similitudes with the propagation in optical waveguides6. Whereas a
spatial soliton is similar to a two-dimension waveguide, with an index profile self-recorded
by the spatial beam, a temporal soliton is temporal analogue waveguide !

A more accurate description requires to derive a nonlinear equation that includes both a
linear and Kerr terms. Subsequently, we consider the nonlinear propagation of a pulse
through a dispersive and nonlinear Kerr material. Using the nonlinear equation (3.24),
and substituting the expression for the nonlinear polarization envelop in case of a pure Kerr
effect:

ΠNL(t, z) = ε0χ
(3)
eff |A(t, z)|

2A(t, z)e,

yields the derivation of two wave equations in time and space:

∂A(τ, z)

∂z
+

ıβ2
2

∂2A(τ, z)

∂τ2
− ıγ′|A(τ, z)|2A(τ, z) = 0, (5.23)

with γ′ = ω0
2ncχ

(3)
eff . Note that the wave equation (5.23) implies to neglect the nonlinear suscep-

tibility dispersion of the material, such as the effective susceptibility χ(3)
eff is kept constant with

negligible frequency variation. In an other way, one considers the time response of the materials
much faster than the pulse duration, which is an assumption easily verified for pulse duration
longer than few picoseconds in dielectric materials.

Normalized Equation - Dispersion and Nonlinear lengths

In order to give physics insight into the derived nonlinear equations and to handle their numerical
simulation, the following unitary variables are introduced:

• Unitary time T = τ
τ0
, with τ0 the pulse duration,

• Unitary field envelope u with A(t, z) =
√

I0
2ncε0

u(t, z), where I0 the peak intensity of the

pulse or beam.

6A guided mode is a solution of a linear wave equation in an inhomogeneous linear material for which, diffraction
effect is strictly counterbalanced by the refractive index inhomogeneity of the wave guide.

5.4 Optical Kerr E↵ect 59

At this stage, and without any formalism, one can easily anticipate three basic features
that will arise by considering the propagation through a Kerr material taking into account the
di↵raction or the dispersion e↵ects:

Self-focusing e↵ect: Whereas the beam would expand along the propagation due to the linear
term (di↵raction in space, dispersion in time domains), as the intensity increases and
considering a positive n2 > 0, the accumulated Kerr lens along the propagation will tend
to counter-balance the linear e↵ect and to focus the beam. As it will be shown below,
self-focusing e↵ect for a temporal wave packet requires an anomalous dispersion regime
(�2 < 0).

De-focusing e↵ect: For a spatial beam, a defocusing e↵ect appears once the Kerr lens acts
as a divergent lens for n2 < 0. In the time domain, defocusing arises when the nonlinear
refractive index n2 and the second order dispersion coe�cient �2 are similar in signs.

Soliton e↵ect: Finally, one can easily anticipate a situation where the beam expansion, gov-
erned by a linear term, is perfectly counter-balanced by the nonlinear Kerr lens e↵ect,
which leads to an invariance in the beam size along the propagation. Such a specific sit-
uation refers to as a soliton e↵ect, and can be observed either in time or space domain.
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50 5 3RD ORDER NONLINEAR OPTICAL INTERACTIONS

At this stage, and without any formalism, one can easily anticipate three basic features
that will arise by considering the propagation through a Kerr material taking into account the
diffraction or the dispersion effects:

Self-focusing effect: Whereas the beam would expand along the propagation due to the linear
term (diffraction in space, dispersion in time domains), as the intensity increases and
considering a positive n2 > 0, the accumulated Kerr lens along the propagation will tend
to counter-balance the linear effect and to focus the beam. As it will be shown below,
self-focusing effect for a temporal wave packet requires an anomalous dispersion regime
(β2 < 0).

De-focusing effect: For a spatial beam, a defocusing effect appears once the Kerr lens acts
as a divergent lens for n2 < 0. In the time domain, defocusing arises when the nonlinear
refractive index n2 and the second order dispersion coefficient β2 are similar in signs.

Soliton effect: Finally, one can easily anticipate a situation where the beam expansion, gov-
erned by a linear term, is perfectly counter-balanced by the nonlinear Kerr lens effect,
which leads to an invariance in the beam size along the propagation. Such a specific sit-
uation refers to as a soliton effect, and can be observed either in time or space domain.
While the beam propagates, it records its own Kerr lens that strictly compensates for the
expansion driven by either the diffraction of the dispersion effects. Such a nonlinear prop-
agation regime founds similitudes with the propagation in optical waveguides6. Whereas a
spatial soliton is similar to a two-dimension waveguide, with an index profile self-recorded
by the spatial beam, a temporal soliton is temporal analogue waveguide !

A more accurate description requires to derive a nonlinear equation that includes both a
linear and Kerr terms. Subsequently, we consider the nonlinear propagation of a pulse
through a dispersive and nonlinear Kerr material. Using the nonlinear equation (3.24),
and substituting the expression for the nonlinear polarization envelop in case of a pure Kerr
effect:

ΠNL(t, z) = ε0χ
(3)
eff |A(t, z)|

2A(t, z)e,

yields the derivation of two wave equations in time and space:

∂A(τ, z)

∂z
+

ıβ2
2

∂2A(τ, z)

∂τ2
− ıγ′|A(τ, z)|2A(τ, z) = 0, (5.23)

with γ′ = ω0
2ncχ

(3)
eff . Note that the wave equation (5.23) implies to neglect the nonlinear suscep-

tibility dispersion of the material, such as the effective susceptibility χ(3)
eff is kept constant with

negligible frequency variation. In an other way, one considers the time response of the materials
much faster than the pulse duration, which is an assumption easily verified for pulse duration
longer than few picoseconds in dielectric materials.

Normalized Equation - Dispersion and Nonlinear lengths

In order to give physics insight into the derived nonlinear equations and to handle their numerical
simulation, the following unitary variables are introduced:

• Unitary time T = τ
τ0
, with τ0 the pulse duration,

• Unitary field envelope u with A(t, z) =
√

I0
2ncε0

u(t, z), where I0 the peak intensity of the

pulse or beam.

6A guided mode is a solution of a linear wave equation in an inhomogeneous linear material for which, diffraction
effect is strictly counterbalanced by the refractive index inhomogeneity of the wave guide.
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6A guided mode is a solution of a linear wave equation in an inhomogeneous linear material for which, diffraction
effect is strictly counterbalanced by the refractive index inhomogeneity of the wave guide.
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After substitution in (5.23), one gets:
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ısign(β2)

2LD

∂2u
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− ı

|u|2u

LNL
= 0 (5.24)

where the quantities:

• LD =
τ20
|β2| refers to the dispersion length,

• and LNL = 1
k0n2I0

refers to the nonlinear length or Kerr length.

By priorly calculating an order of magnitude of the linear and nonlinear lengths, one can
easily anticipate the regime of propagation involved in any specific application. Setting the total
propagation distance to L and if L " LD, the dispersion effect can be neglected. Similarly,
L " LNL implies a propagation in a linear regime for which the Kerr effect can be neglected.

Non-Linear Schrödinger Equation (NLSE)

Actually, the wave equations (5.24) can be rewritten under unitary parameters by introducing
a normalized distance ξ = z/LD:
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− sign(β2)
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∂2u

∂T 2
+N2|u|2u = 0, (5.25)

with the parameter N2 = LD/LNL that sets the strength between the linear and nonlinear
effects. This equation corresponds to the well known Non-Linear Schrödinger Equation (NLSE).
Except for some specific cases, solutions for the NLSE can not be derived analytically and their
derivations require a numerical method.

Self-focusing and De-focusing effects

Considering a nonlinear propagation, with N > 1, one can easily understand that the Kerr
lens effect may produce a self-focusing or de-focusing of the wave-packet, which depends on the
signs of the linear and nonlinear coefficients in the NLSE. Figures (5.8)(a) and (b) show the
temporal shape of a pulse along the propagation in a nonlinear regime that is simulated with
the parameters : N = 1.5, anomalous dispersion regime (β2 < 0), and n2 > 0 for (a) and n2 < 0
for (b). In such a nonlinear regime (as LNL < LD) the Kerr lens effect is dominant and the lens
property (converging or diverging) is set by the sign of the nonlinear refractive index n2.

A similar result could have been achieved with the propagation of spatial wave packets
(transverse beams). As the diffraction in standard materials implies a fixed sign for the linear
operator, self-focusing and de-focusing effects respectively requires positive and negative n2

materials.

Soliton effect

A very interesting situation happens once the Kerr nonlinear operator strictly counter-balances
the diffusing like linear operator in the NLSE. Actually, it can be shown with standard gaussian
shape beam (pulse) that a strict compensation of diffraction (2nd order dispersion) by a positive
Kerr lens effect arises since N = 1. During the propagation, the linear expansion of the wave-
packet (driven either by the diffraction or the 2nd order dispersion effects) is strictly compensated
by the Kerr lens ! Under such a condition, and as illustrated in Fig. 5.8(c), the wave-packet
shape can be conserved along the propagation and coincides to a soliton, either a temporal or
spatial soliton.
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After substitution in (5.23), one gets:
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ısign(β2)
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|u|2u

LNL
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where the quantities:

• LD =
τ20
|β2| refers to the dispersion length,

• and LNL = 1
k0n2I0

refers to the nonlinear length or Kerr length.

By priorly calculating an order of magnitude of the linear and nonlinear lengths, one can
easily anticipate the regime of propagation involved in any specific application. Setting the total
propagation distance to L and if L " LD, the dispersion effect can be neglected. Similarly,
L " LNL implies a propagation in a linear regime for which the Kerr effect can be neglected.

Non-Linear Schrödinger Equation (NLSE)

Actually, the wave equations (5.24) can be rewritten under unitary parameters by introducing
a normalized distance ξ = z/LD:
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∂2u

∂T 2
+N2|u|2u = 0, (5.25)

with the parameter N2 = LD/LNL that sets the strength between the linear and nonlinear
effects. This equation corresponds to the well known Non-Linear Schrödinger Equation (NLSE).
Except for some specific cases, solutions for the NLSE can not be derived analytically and their
derivations require a numerical method.

Self-focusing and De-focusing effects

Considering a nonlinear propagation, with N > 1, one can easily understand that the Kerr
lens effect may produce a self-focusing or de-focusing of the wave-packet, which depends on the
signs of the linear and nonlinear coefficients in the NLSE. Figures (5.8)(a) and (b) show the
temporal shape of a pulse along the propagation in a nonlinear regime that is simulated with
the parameters : N = 1.5, anomalous dispersion regime (β2 < 0), and n2 > 0 for (a) and n2 < 0
for (b). In such a nonlinear regime (as LNL < LD) the Kerr lens effect is dominant and the lens
property (converging or diverging) is set by the sign of the nonlinear refractive index n2.

A similar result could have been achieved with the propagation of spatial wave packets
(transverse beams). As the diffraction in standard materials implies a fixed sign for the linear
operator, self-focusing and de-focusing effects respectively requires positive and negative n2

materials.

Soliton effect

A very interesting situation happens once the Kerr nonlinear operator strictly counter-balances
the diffusing like linear operator in the NLSE. Actually, it can be shown with standard gaussian
shape beam (pulse) that a strict compensation of diffraction (2nd order dispersion) by a positive
Kerr lens effect arises since N = 1. During the propagation, the linear expansion of the wave-
packet (driven either by the diffraction or the 2nd order dispersion effects) is strictly compensated
by the Kerr lens ! Under such a condition, and as illustrated in Fig. 5.8(c), the wave-packet
shape can be conserved along the propagation and coincides to a soliton, either a temporal or
spatial soliton.
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After substitution in (5.23), one gets:
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where the quantities:

• LD =
τ20
|β2| refers to the dispersion length,

• and LNL = 1
k0n2I0

refers to the nonlinear length or Kerr length.

By priorly calculating an order of magnitude of the linear and nonlinear lengths, one can
easily anticipate the regime of propagation involved in any specific application. Setting the total
propagation distance to L and if L " LD, the dispersion effect can be neglected. Similarly,
L " LNL implies a propagation in a linear regime for which the Kerr effect can be neglected.

Non-Linear Schrödinger Equation (NLSE)

Actually, the wave equations (5.24) can be rewritten under unitary parameters by introducing
a normalized distance ξ = z/LD:
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with the parameter N2 = LD/LNL that sets the strength between the linear and nonlinear
effects. This equation corresponds to the well known Non-Linear Schrödinger Equation (NLSE).
Except for some specific cases, solutions for the NLSE can not be derived analytically and their
derivations require a numerical method.

Self-focusing and De-focusing effects

Considering a nonlinear propagation, with N > 1, one can easily understand that the Kerr
lens effect may produce a self-focusing or de-focusing of the wave-packet, which depends on the
signs of the linear and nonlinear coefficients in the NLSE. Figures (5.8)(a) and (b) show the
temporal shape of a pulse along the propagation in a nonlinear regime that is simulated with
the parameters : N = 1.5, anomalous dispersion regime (β2 < 0), and n2 > 0 for (a) and n2 < 0
for (b). In such a nonlinear regime (as LNL < LD) the Kerr lens effect is dominant and the lens
property (converging or diverging) is set by the sign of the nonlinear refractive index n2.

A similar result could have been achieved with the propagation of spatial wave packets
(transverse beams). As the diffraction in standard materials implies a fixed sign for the linear
operator, self-focusing and de-focusing effects respectively requires positive and negative n2

materials.

Soliton effect

A very interesting situation happens once the Kerr nonlinear operator strictly counter-balances
the diffusing like linear operator in the NLSE. Actually, it can be shown with standard gaussian
shape beam (pulse) that a strict compensation of diffraction (2nd order dispersion) by a positive
Kerr lens effect arises since N = 1. During the propagation, the linear expansion of the wave-
packet (driven either by the diffraction or the 2nd order dispersion effects) is strictly compensated
by the Kerr lens ! Under such a condition, and as illustrated in Fig. 5.8(c), the wave-packet
shape can be conserved along the propagation and coincides to a soliton, either a temporal or
spatial soliton.
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After substitution in (5.23), one gets:
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where the quantities:

• LD =
τ20
|β2| refers to the dispersion length,

• and LNL = 1
k0n2I0

refers to the nonlinear length or Kerr length.

By priorly calculating an order of magnitude of the linear and nonlinear lengths, one can
easily anticipate the regime of propagation involved in any specific application. Setting the total
propagation distance to L and if L " LD, the dispersion effect can be neglected. Similarly,
L " LNL implies a propagation in a linear regime for which the Kerr effect can be neglected.

Non-Linear Schrödinger Equation (NLSE)

Actually, the wave equations (5.24) can be rewritten under unitary parameters by introducing
a normalized distance ξ = z/LD:
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− sign(β2)
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∂2u
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with the parameter N2 = LD/LNL that sets the strength between the linear and nonlinear
effects. This equation corresponds to the well known Non-Linear Schrödinger Equation (NLSE).
Except for some specific cases, solutions for the NLSE can not be derived analytically and their
derivations require a numerical method.

Self-focusing and De-focusing effects

Considering a nonlinear propagation, with N > 1, one can easily understand that the Kerr
lens effect may produce a self-focusing or de-focusing of the wave-packet, which depends on the
signs of the linear and nonlinear coefficients in the NLSE. Figures (5.8)(a) and (b) show the
temporal shape of a pulse along the propagation in a nonlinear regime that is simulated with
the parameters : N = 1.5, anomalous dispersion regime (β2 < 0), and n2 > 0 for (a) and n2 < 0
for (b). In such a nonlinear regime (as LNL < LD) the Kerr lens effect is dominant and the lens
property (converging or diverging) is set by the sign of the nonlinear refractive index n2.

A similar result could have been achieved with the propagation of spatial wave packets
(transverse beams). As the diffraction in standard materials implies a fixed sign for the linear
operator, self-focusing and de-focusing effects respectively requires positive and negative n2

materials.

Soliton effect

A very interesting situation happens once the Kerr nonlinear operator strictly counter-balances
the diffusing like linear operator in the NLSE. Actually, it can be shown with standard gaussian
shape beam (pulse) that a strict compensation of diffraction (2nd order dispersion) by a positive
Kerr lens effect arises since N = 1. During the propagation, the linear expansion of the wave-
packet (driven either by the diffraction or the 2nd order dispersion effects) is strictly compensated
by the Kerr lens ! Under such a condition, and as illustrated in Fig. 5.8(c), the wave-packet
shape can be conserved along the propagation and coincides to a soliton, either a temporal or
spatial soliton.

Nonlinear Schrödinger Equation

• APPLICATIONS : Self-focusing & de-focusing effects

n2>0 n2<0
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After substitution in (5.23), one gets:
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where the quantities:

• LD =
τ20
|β2| refers to the dispersion length,

• and LNL = 1
k0n2I0

refers to the nonlinear length or Kerr length.

By priorly calculating an order of magnitude of the linear and nonlinear lengths, one can
easily anticipate the regime of propagation involved in any specific application. Setting the total
propagation distance to L and if L " LD, the dispersion effect can be neglected. Similarly,
L " LNL implies a propagation in a linear regime for which the Kerr effect can be neglected.

Non-Linear Schrödinger Equation (NLSE)

Actually, the wave equations (5.24) can be rewritten under unitary parameters by introducing
a normalized distance ξ = z/LD:
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− sign(β2)
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∂2u
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with the parameter N2 = LD/LNL that sets the strength between the linear and nonlinear
effects. This equation corresponds to the well known Non-Linear Schrödinger Equation (NLSE).
Except for some specific cases, solutions for the NLSE can not be derived analytically and their
derivations require a numerical method.

Self-focusing and De-focusing effects

Considering a nonlinear propagation, with N > 1, one can easily understand that the Kerr
lens effect may produce a self-focusing or de-focusing of the wave-packet, which depends on the
signs of the linear and nonlinear coefficients in the NLSE. Figures (5.8)(a) and (b) show the
temporal shape of a pulse along the propagation in a nonlinear regime that is simulated with
the parameters : N = 1.5, anomalous dispersion regime (β2 < 0), and n2 > 0 for (a) and n2 < 0
for (b). In such a nonlinear regime (as LNL < LD) the Kerr lens effect is dominant and the lens
property (converging or diverging) is set by the sign of the nonlinear refractive index n2.

A similar result could have been achieved with the propagation of spatial wave packets
(transverse beams). As the diffraction in standard materials implies a fixed sign for the linear
operator, self-focusing and de-focusing effects respectively requires positive and negative n2

materials.

Soliton effect

A very interesting situation happens once the Kerr nonlinear operator strictly counter-balances
the diffusing like linear operator in the NLSE. Actually, it can be shown with standard gaussian
shape beam (pulse) that a strict compensation of diffraction (2nd order dispersion) by a positive
Kerr lens effect arises since N = 1. During the propagation, the linear expansion of the wave-
packet (driven either by the diffraction or the 2nd order dispersion effects) is strictly compensated
by the Kerr lens ! Under such a condition, and as illustrated in Fig. 5.8(c), the wave-packet
shape can be conserved along the propagation and coincides to a soliton, either a temporal or
spatial soliton.

Anomalous dispersion regime
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After substitution in (5.23), one gets:
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where the quantities:

• LD =
τ20
|β2| refers to the dispersion length,

• and LNL = 1
k0n2I0

refers to the nonlinear length or Kerr length.

By priorly calculating an order of magnitude of the linear and nonlinear lengths, one can
easily anticipate the regime of propagation involved in any specific application. Setting the total
propagation distance to L and if L " LD, the dispersion effect can be neglected. Similarly,
L " LNL implies a propagation in a linear regime for which the Kerr effect can be neglected.

Non-Linear Schrödinger Equation (NLSE)

Actually, the wave equations (5.24) can be rewritten under unitary parameters by introducing
a normalized distance ξ = z/LD:
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− sign(β2)
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∂2u
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with the parameter N2 = LD/LNL that sets the strength between the linear and nonlinear
effects. This equation corresponds to the well known Non-Linear Schrödinger Equation (NLSE).
Except for some specific cases, solutions for the NLSE can not be derived analytically and their
derivations require a numerical method.

Self-focusing and De-focusing effects

Considering a nonlinear propagation, with N > 1, one can easily understand that the Kerr
lens effect may produce a self-focusing or de-focusing of the wave-packet, which depends on the
signs of the linear and nonlinear coefficients in the NLSE. Figures (5.8)(a) and (b) show the
temporal shape of a pulse along the propagation in a nonlinear regime that is simulated with
the parameters : N = 1.5, anomalous dispersion regime (β2 < 0), and n2 > 0 for (a) and n2 < 0
for (b). In such a nonlinear regime (as LNL < LD) the Kerr lens effect is dominant and the lens
property (converging or diverging) is set by the sign of the nonlinear refractive index n2.

A similar result could have been achieved with the propagation of spatial wave packets
(transverse beams). As the diffraction in standard materials implies a fixed sign for the linear
operator, self-focusing and de-focusing effects respectively requires positive and negative n2

materials.

Soliton effect

A very interesting situation happens once the Kerr nonlinear operator strictly counter-balances
the diffusing like linear operator in the NLSE. Actually, it can be shown with standard gaussian
shape beam (pulse) that a strict compensation of diffraction (2nd order dispersion) by a positive
Kerr lens effect arises since N = 1. During the propagation, the linear expansion of the wave-
packet (driven either by the diffraction or the 2nd order dispersion effects) is strictly compensated
by the Kerr lens ! Under such a condition, and as illustrated in Fig. 5.8(c), the wave-packet
shape can be conserved along the propagation and coincides to a soliton, either a temporal or
spatial soliton.
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After substitution in (5.23), one gets:
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where the quantities:

• LD =
τ20
|β2| refers to the dispersion length,

• and LNL = 1
k0n2I0

refers to the nonlinear length or Kerr length.

By priorly calculating an order of magnitude of the linear and nonlinear lengths, one can
easily anticipate the regime of propagation involved in any specific application. Setting the total
propagation distance to L and if L " LD, the dispersion effect can be neglected. Similarly,
L " LNL implies a propagation in a linear regime for which the Kerr effect can be neglected.

Non-Linear Schrödinger Equation (NLSE)

Actually, the wave equations (5.24) can be rewritten under unitary parameters by introducing
a normalized distance ξ = z/LD:
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− sign(β2)

1

2

∂2u
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+N2|u|2u = 0, (5.25)

with the parameter N2 = LD/LNL that sets the strength between the linear and nonlinear
effects. This equation corresponds to the well known Non-Linear Schrödinger Equation (NLSE).
Except for some specific cases, solutions for the NLSE can not be derived analytically and their
derivations require a numerical method.

Self-focusing and De-focusing effects

Considering a nonlinear propagation, with N > 1, one can easily understand that the Kerr
lens effect may produce a self-focusing or de-focusing of the wave-packet, which depends on the
signs of the linear and nonlinear coefficients in the NLSE. Figures (5.8)(a) and (b) show the
temporal shape of a pulse along the propagation in a nonlinear regime that is simulated with
the parameters : N = 1.5, anomalous dispersion regime (β2 < 0), and n2 > 0 for (a) and n2 < 0
for (b). In such a nonlinear regime (as LNL < LD) the Kerr lens effect is dominant and the lens
property (converging or diverging) is set by the sign of the nonlinear refractive index n2.

A similar result could have been achieved with the propagation of spatial wave packets
(transverse beams). As the diffraction in standard materials implies a fixed sign for the linear
operator, self-focusing and de-focusing effects respectively requires positive and negative n2

materials.

Soliton effect

A very interesting situation happens once the Kerr nonlinear operator strictly counter-balances
the diffusing like linear operator in the NLSE. Actually, it can be shown with standard gaussian
shape beam (pulse) that a strict compensation of diffraction (2nd order dispersion) by a positive
Kerr lens effect arises since N = 1. During the propagation, the linear expansion of the wave-
packet (driven either by the diffraction or the 2nd order dispersion effects) is strictly compensated
by the Kerr lens ! Under such a condition, and as illustrated in Fig. 5.8(c), the wave-packet
shape can be conserved along the propagation and coincides to a soliton, either a temporal or
spatial soliton.
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After substitution in (5.23), one gets:
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where the quantities:

• LD =
τ20
|β2| refers to the dispersion length,

• and LNL = 1
k0n2I0

refers to the nonlinear length or Kerr length.

By priorly calculating an order of magnitude of the linear and nonlinear lengths, one can
easily anticipate the regime of propagation involved in any specific application. Setting the total
propagation distance to L and if L " LD, the dispersion effect can be neglected. Similarly,
L " LNL implies a propagation in a linear regime for which the Kerr effect can be neglected.

Non-Linear Schrödinger Equation (NLSE)

Actually, the wave equations (5.24) can be rewritten under unitary parameters by introducing
a normalized distance ξ = z/LD:
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with the parameter N2 = LD/LNL that sets the strength between the linear and nonlinear
effects. This equation corresponds to the well known Non-Linear Schrödinger Equation (NLSE).
Except for some specific cases, solutions for the NLSE can not be derived analytically and their
derivations require a numerical method.

Self-focusing and De-focusing effects

Considering a nonlinear propagation, with N > 1, one can easily understand that the Kerr
lens effect may produce a self-focusing or de-focusing of the wave-packet, which depends on the
signs of the linear and nonlinear coefficients in the NLSE. Figures (5.8)(a) and (b) show the
temporal shape of a pulse along the propagation in a nonlinear regime that is simulated with
the parameters : N = 1.5, anomalous dispersion regime (β2 < 0), and n2 > 0 for (a) and n2 < 0
for (b). In such a nonlinear regime (as LNL < LD) the Kerr lens effect is dominant and the lens
property (converging or diverging) is set by the sign of the nonlinear refractive index n2.

A similar result could have been achieved with the propagation of spatial wave packets
(transverse beams). As the diffraction in standard materials implies a fixed sign for the linear
operator, self-focusing and de-focusing effects respectively requires positive and negative n2

materials.

Soliton effect

A very interesting situation happens once the Kerr nonlinear operator strictly counter-balances
the diffusing like linear operator in the NLSE. Actually, it can be shown with standard gaussian
shape beam (pulse) that a strict compensation of diffraction (2nd order dispersion) by a positive
Kerr lens effect arises since N = 1. During the propagation, the linear expansion of the wave-
packet (driven either by the diffraction or the 2nd order dispersion effects) is strictly compensated
by the Kerr lens ! Under such a condition, and as illustrated in Fig. 5.8(c), the wave-packet
shape can be conserved along the propagation and coincides to a soliton, either a temporal or
spatial soliton.
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After substitution in (5.23), one gets:
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where the quantities:

• LD =
τ20
|β2| refers to the dispersion length,

• and LNL = 1
k0n2I0

refers to the nonlinear length or Kerr length.

By priorly calculating an order of magnitude of the linear and nonlinear lengths, one can
easily anticipate the regime of propagation involved in any specific application. Setting the total
propagation distance to L and if L " LD, the dispersion effect can be neglected. Similarly,
L " LNL implies a propagation in a linear regime for which the Kerr effect can be neglected.

Non-Linear Schrödinger Equation (NLSE)

Actually, the wave equations (5.24) can be rewritten under unitary parameters by introducing
a normalized distance ξ = z/LD:
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with the parameter N2 = LD/LNL that sets the strength between the linear and nonlinear
effects. This equation corresponds to the well known Non-Linear Schrödinger Equation (NLSE).
Except for some specific cases, solutions for the NLSE can not be derived analytically and their
derivations require a numerical method.

Self-focusing and De-focusing effects

Considering a nonlinear propagation, with N > 1, one can easily understand that the Kerr
lens effect may produce a self-focusing or de-focusing of the wave-packet, which depends on the
signs of the linear and nonlinear coefficients in the NLSE. Figures (5.8)(a) and (b) show the
temporal shape of a pulse along the propagation in a nonlinear regime that is simulated with
the parameters : N = 1.5, anomalous dispersion regime (β2 < 0), and n2 > 0 for (a) and n2 < 0
for (b). In such a nonlinear regime (as LNL < LD) the Kerr lens effect is dominant and the lens
property (converging or diverging) is set by the sign of the nonlinear refractive index n2.

A similar result could have been achieved with the propagation of spatial wave packets
(transverse beams). As the diffraction in standard materials implies a fixed sign for the linear
operator, self-focusing and de-focusing effects respectively requires positive and negative n2

materials.

Soliton effect

A very interesting situation happens once the Kerr nonlinear operator strictly counter-balances
the diffusing like linear operator in the NLSE. Actually, it can be shown with standard gaussian
shape beam (pulse) that a strict compensation of diffraction (2nd order dispersion) by a positive
Kerr lens effect arises since N = 1. During the propagation, the linear expansion of the wave-
packet (driven either by the diffraction or the 2nd order dispersion effects) is strictly compensated
by the Kerr lens ! Under such a condition, and as illustrated in Fig. 5.8(c), the wave-packet
shape can be conserved along the propagation and coincides to a soliton, either a temporal or
spatial soliton.

Nonlinear Schrödinger Equation

• APPLICATIONS : Solion effect

n2>0
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After substitution in (5.23), one gets:
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where the quantities:

• LD =
τ20
|β2| refers to the dispersion length,

• and LNL = 1
k0n2I0

refers to the nonlinear length or Kerr length.

By priorly calculating an order of magnitude of the linear and nonlinear lengths, one can
easily anticipate the regime of propagation involved in any specific application. Setting the total
propagation distance to L and if L " LD, the dispersion effect can be neglected. Similarly,
L " LNL implies a propagation in a linear regime for which the Kerr effect can be neglected.

Non-Linear Schrödinger Equation (NLSE)

Actually, the wave equations (5.24) can be rewritten under unitary parameters by introducing
a normalized distance ξ = z/LD:
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with the parameter N2 = LD/LNL that sets the strength between the linear and nonlinear
effects. This equation corresponds to the well known Non-Linear Schrödinger Equation (NLSE).
Except for some specific cases, solutions for the NLSE can not be derived analytically and their
derivations require a numerical method.

Self-focusing and De-focusing effects

Considering a nonlinear propagation, with N > 1, one can easily understand that the Kerr
lens effect may produce a self-focusing or de-focusing of the wave-packet, which depends on the
signs of the linear and nonlinear coefficients in the NLSE. Figures (5.8)(a) and (b) show the
temporal shape of a pulse along the propagation in a nonlinear regime that is simulated with
the parameters : N = 1.5, anomalous dispersion regime (β2 < 0), and n2 > 0 for (a) and n2 < 0
for (b). In such a nonlinear regime (as LNL < LD) the Kerr lens effect is dominant and the lens
property (converging or diverging) is set by the sign of the nonlinear refractive index n2.

A similar result could have been achieved with the propagation of spatial wave packets
(transverse beams). As the diffraction in standard materials implies a fixed sign for the linear
operator, self-focusing and de-focusing effects respectively requires positive and negative n2

materials.

Soliton effect

A very interesting situation happens once the Kerr nonlinear operator strictly counter-balances
the diffusing like linear operator in the NLSE. Actually, it can be shown with standard gaussian
shape beam (pulse) that a strict compensation of diffraction (2nd order dispersion) by a positive
Kerr lens effect arises since N = 1. During the propagation, the linear expansion of the wave-
packet (driven either by the diffraction or the 2nd order dispersion effects) is strictly compensated
by the Kerr lens ! Under such a condition, and as illustrated in Fig. 5.8(c), the wave-packet
shape can be conserved along the propagation and coincides to a soliton, either a temporal or
spatial soliton.

Anomalous dispersion regime
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After substitution in (5.23), one gets:
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where the quantities:

• LD =
τ20
|β2| refers to the dispersion length,

• and LNL = 1
k0n2I0

refers to the nonlinear length or Kerr length.

By priorly calculating an order of magnitude of the linear and nonlinear lengths, one can
easily anticipate the regime of propagation involved in any specific application. Setting the total
propagation distance to L and if L " LD, the dispersion effect can be neglected. Similarly,
L " LNL implies a propagation in a linear regime for which the Kerr effect can be neglected.

Non-Linear Schrödinger Equation (NLSE)

Actually, the wave equations (5.24) can be rewritten under unitary parameters by introducing
a normalized distance ξ = z/LD:

!

"

#

$
ı
∂u

∂ξ
− sign(β2)

1

2

∂2u

∂T 2
+N2|u|2u = 0, (5.25)

with the parameter N2 = LD/LNL that sets the strength between the linear and nonlinear
effects. This equation corresponds to the well known Non-Linear Schrödinger Equation (NLSE).
Except for some specific cases, solutions for the NLSE can not be derived analytically and their
derivations require a numerical method.

Self-focusing and De-focusing effects

Considering a nonlinear propagation, with N > 1, one can easily understand that the Kerr
lens effect may produce a self-focusing or de-focusing of the wave-packet, which depends on the
signs of the linear and nonlinear coefficients in the NLSE. Figures (5.8)(a) and (b) show the
temporal shape of a pulse along the propagation in a nonlinear regime that is simulated with
the parameters : N = 1.5, anomalous dispersion regime (β2 < 0), and n2 > 0 for (a) and n2 < 0
for (b). In such a nonlinear regime (as LNL < LD) the Kerr lens effect is dominant and the lens
property (converging or diverging) is set by the sign of the nonlinear refractive index n2.

A similar result could have been achieved with the propagation of spatial wave packets
(transverse beams). As the diffraction in standard materials implies a fixed sign for the linear
operator, self-focusing and de-focusing effects respectively requires positive and negative n2

materials.

Soliton effect

A very interesting situation happens once the Kerr nonlinear operator strictly counter-balances
the diffusing like linear operator in the NLSE. Actually, it can be shown with standard gaussian
shape beam (pulse) that a strict compensation of diffraction (2nd order dispersion) by a positive
Kerr lens effect arises since N = 1. During the propagation, the linear expansion of the wave-
packet (driven either by the diffraction or the 2nd order dispersion effects) is strictly compensated
by the Kerr lens ! Under such a condition, and as illustrated in Fig. 5.8(c), the wave-packet
shape can be conserved along the propagation and coincides to a soliton, either a temporal or
spatial soliton.

Strict compensation of the dispersive 
effect by the optical Kerr effect
Þ Propagation of the pulse without

deformation
Þ Soliton solutions :

For further reading : Nonlinear Fiber Optics, Ch.5 
by Govind P. Agrawal
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Fig. 5.8. Nonlinear propagation of a wave packet for various nonlinear strength set by the parameter N . (a)
Self-focusing effect with N = 1.5, (b) De-focusing effect with N = 1.5, (c) Fundamental Soliton solution with
N = 1.

Now, this solution requires to perfectly control the incoming pulse or beam shape, as it will
directly impact on the Kerr lens profile. Actually one type of solution of the NLSE equation
(5.25) for solitons are given by :

u(ρ) = Nsech(ρ),

for which N = 1 coincides to the fundamental soliton shown in Fig. 5.8(c). For further in-
formation about optical soliton, one can refer to Nonlinear Fiber Optics, Ch.5 by Govind P.
Agrawal.
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Schéma pulse copié de  http://www.sccs.swarthmore.edu/users/02/lisal/physics/presentations/soliton.pdf

• Pulse propagation : influence of the DISPERSION 
EFFECT and the OPTICAL KERR EFFECT n2 ... 
Pulse propagation in a 
dispersive medium (anomalous 
dispersion, D>0)

Time

in outb2 < 0

RedBlue

Pulse spreading

Pulse propagation in a NL 
medium (n2 > 0)

in outn2 > 0

Red Blue

Time

NO pulse spreading
BUT intro . ‘‘CHIRP’’
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http://www.sccs.swarthmore.edu/users/02/lisal/physics/presentations/soliton.pdf

• Temporal Soliton Pulse propagation in a NL medium 
(n2 > 0) and dispersive (b2 < 0)

Soliton solution = « sech »
pulse shape with no 

deformation  

in outn2 > 0

b2 < 0

Time

Full compensation between group-
velocity dispersion and the effect of 

self-phase modulation  
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temporal Soliton
• NL Schrödinger Eq. :

• fundamental Soliton N=1 : 
shape

• Soliton N=4 : shape

Fig. extraite du livre de Butcher & Cotter « The elements of nonlinear optics »


