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Energy transfer between a wave and the
medium

Time-averaged power density transferred —ﬁ‘<é £>
from the EM wave to the medium : ot "ot

SO\ = s a o
E(t)=E)e™™ +CC (E -;) =—iw| E(-w).P(w) - E(w).P(-w)]
P(t)= P(w)e™™ +CC

g 2
P(w) = 80£(3)(wp —Wp ,(0)€pepe |E(a)P)| E(w)

- JP : -~ (3 -~~~ (3 . 2 2
<EE> = —iwe, e.i( (wp —~0p 0)€,6,¢ —e-&( " (wp ~wp 0)Eppe l|E(wP)| |E(a))|

3) _ @), O
X =X tiX

Real part Imaginary part Conclusion :
- If ) is purely real =

(E%) =2we, E.i(a)”(wp ~Wp ,0)€pepe |E((U1E,)|2|E(a))|2 NO energy transfer
= between the wave

and the material
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|- Optical Kerr Effect

« Nonlinear refractive index
E(t)=E(w)e""”’ +CC f’L (w)=£0r”(a))2E(w)

P(t)= P(()())e_iwr +CC ]SNL ((U) = 33())_6(3) (a),—a),a))ééaE(Q))rE(a))

Linear + Nonlinear polarization:

13(a)) =g,

)_((” (w)e + 3)_((3) (a),—m,a))EZE|E(a))|2 E(w)

P@)=¢ 2y + x5

A(w)|2]A(w)e”“ Real part : X.; induces a
modification of the refractive index

/ n*(@)=1+x +x2A@)|

(3)1!

Imaginary part : X.; ny (@)
induces a ey
modification of the n(w)= ”o(w)\/l + 2n:3§;0c I{w) =n, (@) +n,l(®)
absorption
e<<1
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|- Optical Kerr Effect

« Nonlinear refractive index

n=n,+n,l

(3) Example : Pure Silica ny=1,45
n, = X+ﬁ and n,=3 1029 m%/W
4n,g,c

« Nonlinear Phase

Temporal propagation

4o () L
Py, (1) = 275—)L

Spatial propagation
b, (F) = 2m n,I(r) L

Aa)=—%=—27gn2 L@
dt A dt
Consequences : time-varying
phase, Self-phase
wsrijaQdulation, temporal soliton
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Consequences : Self-focusing
or self-defocusing effect,
filamentation, spatial soliton
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|- Optical Kerr Effect

- Self-Phase Modulation (SPM) effect

Nonlinear wave equation, assuming an instantaneous response of the
material and neglecting linear distortion effects (dispersion and diffraction)

———= =kgnol A or
5 hona(p, 2)Alp.2) 7 , = Soace
Lossless medium  wmp [(p,2) =Csteatafixedtorr
: _ wkonzl(p)z [A(t, 2)|* = |A(t,0)
Solution == A(p,z) = A(p,0)e oF

= A(p,0)e"®NL(P2) =W L 4 12 A, 0)2

— The phase matching is automatically fulfilled

= Assuming n2 is a purely real quantity, the SPM induces a phase
variation proportionally to the intensity

= The beam shape (in time or space) in intensity is conserved along
the beam propagation (neglecting linear distortion effects)
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|- Optical Kerr Effect

- Self-Phase Modulation (SPM) effect

Nonlinear wave equation, assuming an instantaneous response of the
material and neglecting linear distortion effects (dispersion and diffraction)

0A(p, 2) p =1t Tme

0A(p,2) _ or
5 tkonoI (p, 2) A(p, 2) {p = T Space

Lossless medium  wmp I(p,z) =Csteatafixedtorr

i _ tkonal(p)z At 2) > = |A(t,0) [
Solution == A(p,z) = A(p,0)e o

= A(p, 0)e (02 =¥ 1 4 )2 = |A(x,0))°

e Nonlinear phase of a transmitted pulse or beam P, (p, Z) = kongl(p)z

e Instantaneous frequency (case of a PULSE) spectral broadening +
ddnr, (T dI(t
AwnNT, ™~ _%() — —kgng dsj )Z_ Frequency (.;HIRP of the
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Self-Phase Modulation

A A R
E(t) £(t) Pulse duration
conserved
m o
s = = = - =
Optical fiber
(3) Red-shift
(Xeff>
CHIRPED Pulse
@45 ) Ell
S | 5 SPECTRAL
2 i Broadening
£ & g
Q 0 Q
& &
805 810 815 820 825 805 810 815 820 825
A (nm) A (nm)
From Margaux Barbier, LCF Manolia, PhD manuscript (2014)
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Self-Phase Modulation

« Spectral broadening through SPM - Gaussian Pulse
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|- Optical Kerr Effect

« Cross-Phase Modulation (XPM) effect

The optical Kerr effect is then driven by the intensity of a pump wave @wp, leading
to the modification of the phase experienced by a signal wave @w

Pump beam @ Wy Ty
PO (w=wp —wp +w)
Signal beam @ W
POW) = 6ax Sl 4rp. APAG ) {0 o
W) = V€ X rrlAPPs % Py = P =T Space

Nonlinear phase for the signal
beam ( pulse or beam)  @dnL(p,2)) = 2konalp(p)z

= In case of XPM, the nonlinear phase shift is
x 2 compared to SPM (consequence of the
degeneracy factor)
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|- Optical Kerr Effect

What have we learned ?
* propagation of a wave packet through a pure Kerr medium leads to a
phase modification proportionally to the wave intensity.
* The phase matching condition is automatically fulfilled
* A pure Kerr and lossless medium is equivalent to a spatial or/and a
temporal phase modulator (phase a Intensity) and leads to a spectral

broadening =? SPATIAL / TEMPORAL KERR LENS EFFECT
Question : interplays between linear and nonlinear Kerr effects?

Self-focusing & de-focusing effects Solion effect

?-
o
2-

Norm. Length [z/LD]

Time or Space

Norm.
Time or Space
Norm.

Norm.
Time or Space

Norm. Length [z/LD]

05 '
Norm. Length [z/LD]

=? Nonlinear Schrodinger Equation
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|- Optical Kerr Effect

« Nonlinear Schrédinger Equation — Time domain

Propagation of a pulse : £(z,t) = A(z,t)e?e “0le + CC,
Pyi(z,t) = Inp(z,t)ePr?e 0t 4 CC.

e We start with the wave equation in the frequency
domain : 2

~

V x V x E(r,w) = —¢(r,w)E(r,w) + w PNV (r,0)
2 =
writing  E(z,w) = eA(z,w — wy)e?
Pyi(z,w) = Hyp(z,w — wo)e?r?
2 A - A - ~

= —w?ppe-TIng(z, w—wo)eZAﬁZ
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|- Optical Kerr Effect

 Nonlinear Schroédinger Equation - Time domain

* Power series expansion of f(wpf{w) = bo+Fidw+ P2 Aw +.

Aw << w, BPw) =~ f§+ 26061Aw + (81 + 50/32) Aw? -

e after substitution and following a Fourier ot
. ) . E(t :/E(w)e “rdw
transformation, the wave equation yields

02A(z, t) B
o2

OIInL(2,t O*TInp (2t
o€ - l—wOHNL(z,t) — 2w N8Lt( ) + ngL?( )

2
%) gliz,t) 0A(zt) 2@ﬁoﬂlw (5T + Bofs]

+ 25 0z ot

ezAﬁz

e Time coordinate transformation

(introduction of a retarded time) ' 7 =t —2/vg Vg = 1/61

G locit
0?A(z,7) A(z,7) 82A(z o (Group velocity)
0z =

0z0T

0?A(z, 1)

9.2 — BoPe——F5—

+ 218p

— 26

OMnp(z,7)  OPMNL(z,7)] a8
o€ - |:—WOHNL(Z, T) — 2wy Né’: ) + g;( )] AP
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|- Optical Kerr Effect
« Nonlinear Schrédinger Equation — Time domain

82A(Z,T) 32A(Z,T) (914(2 7—) BB 82A(2 T) _

02 261 0z0T + 25

8HNL(Z,T) i aQHNL(Z,T)

e |—will -2 WABz
140 [ wiIIng (2, 7) wWo 57 5.2 e

* Narrow spectral linewidth : Aw << w,

02 A(
‘&4 (2,) ‘ < woA(z ) ‘Qﬁl azaz:

<<2‘5 8A(z7-)

* Slow variation of PNL(t)
within a time period T=21t/w,

aHNL(z,T) > (92HNL(Z,T)

w%HNL(z, T) > 2wy 5 5.2
9% A(z,7)

* Slowly-varying amplitude approximation ' 5,2 aA(z ™)

<<]/3

1WAkz

0A(z, 1) N 1Bo O*A(z,7)  w
I 0z 2 o2 2enc
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|- Optical Kerr Effect

Nonlinear Schrédinger Equation - TEMPORAL domain

Assumption :
instantaneous

3 response of Kerr
Tye(t,2) = coxct|A(L 2)PA( e 8™ 50 o)

In presence of Kerr effect

8l 2nchff
NONLINEAR SCHRODINGER EQUATION
0A(T,z) 109 82A(7', 2) , 9
+ — ' A(T. 2)|7A(T.2) =0
2rd order Nonlinear Kerr term
dispersion (phase variation a
effect Intensity)
i
Horiale —— N. Dubreuil - NONLINEAR OPTICS

|- Optical Kerr Effect

Nonlinear Schrédinger Equation — SPATIAL domain

In presence of Kerr effect

3
Ty (r,2)= coxi |A(r, 2)?A(r, 2)e NG
NONLINEAR SCHRODINGER EQUATION 7T ncXeft

0A(r, 2) 1 9
AT A —1y|A A —
D ATA(r2) — A, 2)PA(r ) = 0
Diffraction Nonlinear Kerr term
effect (phase variation a
Intensity)
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|- Optical Kerr Effect

* Dispersion length & Nonlinear length
Variables transformation 7= L A(t,2) = /5 ult, 2)

. T, : pulse duration
[&u N 1sign(Be) 0%u B |u|2 j with ¢

0z 2L o712 : peak power of the pulse
D _

Once the interaction length is set :

L<<L, The dispersive effect can be neglected
L<<Ly, The optical Kerr effect can be neglected

N. Dubreuil - NONLINEAR OPTICS
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|- Optical Kerr Effect

 Nonlinear Schrédinger Equation
* NLSE : physics insights
Ou  sign(Ba) 0%u _ 8_” B m —0
0: T ar, o1 =0 FE "Iz
Dispersion Kerr Kerr effect
LENS w(T, z) = u(T, O)ezh}gy *

effect

g I>D|SPERS,0N>

()

S —

i: ll \\\‘ Z
APPLICATION : 64 -<-> == {-Hm------- } >

RN

g_ +Lu+Nu=0 Numerical simulation -
3 « Spilt Step Fourier
Method »

Dispersion Dispersion

Kerr Lens

N. Dubreuil - NONLINEAR OPTICS
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|- Optical Kerr Effect

Nonlinear Schrodinger Equation
Variables transformation ¢ =z/Lp N2 = Lp/Lnt
Ou , 1 0%u 91 12
[‘28—5 — szgn(ﬁg)§w + N*|u|[*u =0 J

* APPLICATIONS : Self-focusing & de-focusing effects

Anomalous dispersion regime
(AN =15 62 <0 . (b) N =1.5

n,>0 n»,<0

Norm. Time
Norm. Time

K ND;rm. Length [z/LwD] - ' Nucirm. Length [Z/Lb] b
HormalE =—= N. Dubreuil - NONLINEAR OPTICS
|- Optical Kerr Effect
Nonlinear Schrodinger Equation
Variables transformation ¢ =z/Lp N2 = Lp/Lnt
Ou 1 0%u 91 12
1— — Sign ——— 4+ N4u|u=0
» APPLICATIONS : Solion effect N =1
Anomalous dispersion regime Strict compensation of the dispersive
By <0 LD effect by the optical Kerr effect
= Propagation of the pulse without
. deformation
E = Soliton solutions :
z

u(p) = Nsech(p)

For further reading : Nonlinear Fiber Optics, Ch.5
Norm. Length [z/LD] by Govind P. Agrawal
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|- Optical Kerr Effect

« Pulse propagation : influence of the DISPERSION
EFFECT and the OPTICAL KERR EFFECT n, ...

Pulse propagation in a
dispersive medium (anomalous
dispersion, D>0)

Pulse propagation in a NL
medium (n,> 0)

in | p,>0|out

in || g,<0 |out

Re Biue
Red ‘

|| Tt N —

Time

R : Time L,
Pulse s'preading NO pulse spreading
: BUT intro. “‘CHIRP’’

/ Schéma pulse copié de http://www.sccs.swarthmore.edu/users/02/lisal/physics/presentations/soliton.pdf
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|- Optical Kerr Effect

« Temporal Soliton Pulse propagation in a NL medium
(n,> 0) and dispersive (£,< 0)

in
e ] n,> 0 out

Figure 3: Envelol?e of soliton solution to NLSE compar Tlme ‘
envelope of a Gaussian pulse. >
Soliton solution = « sech » Full compensation between group-

pulse shape with no velocity dispersion and the effect of

deformation self-phase modulation
http://www.sccs.swarthmore.edu/users/02/lisal/physics/presentations/soliton.pdf
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|- Optical Kerr Effect

« NL Schrédinger Eq. : !

solilan (sech*cos)

temporal Soliton

* fundamental Soliton N=1 :

v

N

envelope of a Gaussian pulse.

Intensity ()2

-4

Position in moving coordinate fram

es

Fig. 78 Computer-generated solutions of the nonlinear Schrodinger equation
showing the evolution of an N =4 soliton as it propagates over a distance equal to
four soliton periods. (After Blow and Doran, 1987.)

Fig. extranre de Butcher & Cotter « The elements of nonlinear optics »
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e Soliton N=4 :

Figure 3: Envelope of soliton solution to NLSE compared with

shape

SUPPLEMENT :
Temporal Imaging

Time lens

| Time lens
|

| e
=
|

} Folurier B

A plane
fa N fa R INPEIN
b 10 Gb sl FWM time lens FWM time lens

270 Gbs™!

O R
laser Dy Dg—D, -Dg

Electro-optic
modulator 2D 2Dy

Mode-locked
A laser B

Forster et al., Nat Phot. (2009)
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Spatial Imaging

« spherical »

Front wav
] ] R Dttt
1 Pians
Lo

Optical Diffraction
Lensf
2

T

Optical Lens
transmission =
Spherical wave in the
paraxial approximation

T o = Spatial Frequency

_
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Temporal Imaging

« spherical »

Front wav .
Time /9 1\ Time
\ I =~q
I

/

2" order Time Dispersion
Dispersion Lens
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Temporal Imaging

o « spherical » o
Front wav .
Time //g‘ ,l\\ Time
| S T Bt
~~~ II{ 1 III"—— b
III \7:[ !:,¢
Y} /
I
,’I 2ndorder [/ Time Dispersion
/]  Dispersion/  Lens
v ¢
B _.at2  Spherical wave in the
U(t’ ° = O) U(t’ Z) X € paraxial approximation
| I
~ H(w) = @)
U(w,z=0) U(w, 2)
192 2 P2 2
H(w) ~ €' ¢(w):¢o+¢1w+7w +
stiTur — w = Temporal Frequency
Pifvertrrrm _
Optical Kerr-Lens effect

Gaussian pulse shape

Time
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Optical Kerr Effect :

U(t,2) = Ul(t,2) x e* > "2l OF

Nonlinear
Waveguide

___ > Optical Kerr effect = Temporal Lens



Optical Kerr-Lens : Gaussian beams

) v
S Waveguide E
Q ~
€ P 2dorder FEN ] B
[y Dispersion
’
I '/
| 1 ,/,
| 1 /
\7 \7 et

\ Time Lens parameters depends on :

\ . . .
\ _ A E *Injected pulse intensity & pulse shape
\, Optical Spectra : J *Kerr nonlinearity
Y
” S A_)
[
W= L
Application : time-domain telescope
a Time lens
A\\ Tlme |ens
|
1 /}Z \ L
| —
Fourier B
/& plane
< fA > < fA ;(fB)EfB)
b 10 Gb & FWM time lens FWM time lens 1
270 Gbs~
CW ) @ @ Q@—ﬁd
laser D, Dg=D, -Dy
Electro-optic
modulator 2Dy 2Dy
Mode-locked|
A laser B
Forster et al., Nat Phot. (2009)
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