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Introduction to Nonlinear Optics
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• Response of a material subject to an incident EM wave at !

LINEAR REGIME

WHAT HAPPENS WHEN increasing the MAGNITUDE of electric 
field amplitude ? 

LINEAR RESPONSE of the material
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Introduction to Nonlinear Optics
- Case of a NONLINEAR MEDIUM :
The nonlinear response of the medium can be expressed as 

  

€ 

P(t) = ε0χ
(1)E(t) +ε0χ

(2)E(t)E(t) +ε0χ
(3)E(t)E(t)E(t)

= ε0χ
(1)E(t) +ε0χ

(2)E 2(t) +ε0χ
(3)E 3(t) +!

Linear 

response

2nd Order + 3rd Order

Nonlinear Response

(we have assumed that the medium have an instantaneous 
response - Case of a lossless  and a dispersionless medium ) :

IMPORTANT COMMENT : Nonlinear interactions are 
governed by the magnitude of the electric fields 
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- Case of a NONLINEAR MEDIUM

The nonlinear response of the medium can be expressed as 

  

€ 

P(t) = ε0χ
(1)E(t) +ε0χ

(2)E(t)E(t) +ε0χ
(3)E(t)E(t)E(t)

= ε0χ
(1)E(t) +ε0χ

(2)E 2(t) +ε0χ
(3)E 3(t) +!

Considering a z propagative EM wave @ w

€ 

E(t) = Acos(ωt + kz)

Linear 
response

€ 

P(t)∝ χ (1)Acos(ωt + kz)

Source term @ w

1st Order

2nd Order + 3rd Order
Nonlinear Response

€ 

P(t)∝ χ (2)A2 cos2(ωt + kz)2

∝ χ (2)A2 cos(2ωt +2kz) + χ (2)A2

2nd Order

Source term @ 2w !!!

Introduction to Nonlinear Optics
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The nonlinear response of the medium can be expressed as :

  

€ 

P(t) = ε0χ
(1)E(t) +ε0χ

(2)E(t)E(t) +ε0χ
(3)E(t)E(t)E(t)

= ε0χ
(1)E(t) +ε0χ

(2)E 2(t) +ε0χ
(3)E 3(t) +!

Considering a z propagative EM wave @ w

€ 

E(t) = Acos(ωt + kz)

Linear 
response

€ 

P(t)∝ χ (1)Acos(ωt + kz)

Source term @ w

1st Order

2nd Order + 3rd Order
Nonlinear Response

  

€ 

PNL (t)∝ χ (3)A3 cos3(ωt + kz)

∝ χ (3)A3 cos(3ωt + 3kz) + χ (3)A2Acos(ωt + kz) +!

3rd Order

Source term @ 3w
Third harmonic generation Source term @ w

Optical Kerr effect

- Case of a NONLINEAR MEDIUM

Introduction to Nonlinear Optics
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Example : Optical Kerr Effect
ü Variation of the refractive index 

€ 

P(t) = ε0χ
(1)E(t) +ε0χ

(3)E 3(t)

Considering a z propagative EM 
wave @ w

€ 

E(t) = Acos(ωt + kz)

I ∝ A2

Kerr effect induces a variation of the 
refractive index directly proportional to the 
wave intensity. 

€ 

P(t) = PL (t) +PNL (t)∝ χ (1)Acos(ωt + kz) + χ (3)A2Acos(ωt + kz)

€ 

P(t)∝ χ (1) + χ (3)A2( )Acos(ωt + kz) NONLINEAR Regime 

€ 

PL (t)∝ χ (1) Acos(ωt + kz) LINEAR  Regime

Wave intensity

Directly related to the 
refractive index

Case of a lossless medium
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Field notation
We assume that the electric field vector can be expressed as a plane wave 
(or as a projection of plane waves, i.e through a Fourier transformation) :

Purely REAL quantity
Polarization state

Notation :

Similarly for the macroscopic polarization :

Notation :

With :

Purely REAL quantity

2.3 Linear wave equation 17

Linear susceptibility

From Eq. (2.14), the propagation relation in a frequency domain is straightforward and is
expressed in terms of the Fourier components of electric field and polarization. The conventions
for the Fourier transform that will be used in the course are :!

"

#

$

Convention for the Fourier transform :

E(t) =

∫

E(ω)e−ıωtdω

E(ω) =
1

2π

∫

E(t)e+ıωtdt

The Eq. (2.14) can be rewritten in terms of the Fourier components :

P (ω) = ε0χ
(1)(ω)E(ω), (2.15)

where we have introduced the linear susceptibility, which is directly proportionnal to the Fourier
transform of system’s impulse response :

χ(1)(ω) = 2πTF
[

R(1)(t)
]

.

The reality of the function R(1)(t) implies that χ(1)(ω)" = χ(1)(−ω). Finally, the causality

property enables to derive the Kramers-Kronig relations that relates the real and imaginary
parts of the linear susceptibility.

2.3.2 Linear wave equation in an anisotropic medium

The linear propagation of the electromagnetic fields in a dielectric medium, free of charges and
current is governed by the following Maxwell’s equations :











∇× E = −∂B
∂t

∇ ·D = 0

∇×H =
∂D

∂t
∇ ·B = 0, (2.16)

whith the constitutive relations D = ε0E+P and B = µ0H . In order to derive a wave equation
for the electric field E , the magnetic field dependence is suppressed by taking the curl of the
first equation, using the relation between H and D and the constitutive relations:

∇×∇× E(t) +
1

c2
∂2E

∂t2
= −µ0

∂2P

∂t2
. (2.17)

In the Fourier domain, this wave equation becomes :

∇×∇×E(ω)− ω2

c2
E(ω) = ω2µ0P (ω). (2.18)

An anisotropic medium is characterized by the tensorial relation between vectors D and E .
Conversely to an isotropic medium, the direction of the two vectors may differ:

D(ω) = ε(ω)E(ω), (2.19)
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2.3 Linear wave equation 19

Fig. 2.2. Intersection
between the wavevector
direction s and the sur-
face of indices for a unix-
ial crystal. The two in-
tersections give the two
refractive indices no and
nθ (see left), which are
seen respectively by an
ordinary wave eo and an
ordinary wave eθ (see
right)

2.3.3 Field intensity

The intensity of a wave ω is given by the magnitude of the time averaged Poynting vector:

〈S〉 = 〈E ×H〉. (2.23)

The intensity associated with a field

E(t) = E0e
−ı(ωt−kz)e+ CC

H(t) = H0e
−ı(ωt−kz)e+ CC

is
I = 2ncε0|E0|2, (2.24)

with n the refractive index of the medium at ω. We have used the relation |H0| = ε0nc|E0| (see
Maxwell’s equations).

2.3.4 Transfer of energy between an electromagnetic field and a medium

The power per unit volume that is transferred from the field to the medium (specifically to the
electric dipoles) is given by the relation:

−∂W
∂t

= 〈E · ∂P
∂t

〉. (2.25)

We consider the simple case of the propagation of a monochromatic wave in the linear regime.
The electric field and the macroscopic polarization take the following form:

E(t) = E(ω)e−ıωt +E(−ω)e+ıωt

P(t) = P (ω)e−ıωt + P (−ω)e+ıωt,

with P (ω) = ε0χ(1)(ω)E(ω). Substituting these relations into (2.25) leads to the equality:

−∂W
∂t

= 2ωε0
(

e · χ(1)′′(ω)e
)

|E(ω)|2, (2.26)

with χ(1)(ω) = χ(1)′ + ıχ(1)′′ .

In conclusion, the transfer of energy between an electromagnetic wave and a medium implies
a non vanishing imaginary part of susceptibility. A positive sign for the imaginary part leads to
absorption, whereas a negative sign leads to amplification of the wave through the transfer of
energy from the medium to the wave.
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2nd order nonlinear interactions
Second Harmonic Generation

w
2ww �(2) Application: Green Laser Pointer 

Optical Parametric Fluorescence & Amplification 
Optical source with a wide frequency tunability

Credit Photo: Institut d’Optique

2nd order nonlinear interactions
Optical Parametric Oscillator
Optical source with broad wavelength tunability

Credit Photo: Institut d’Optique

C-WAVE is the tunable laser light source for 
continuous-wave (cw) emission in the visible 
and near-infrared wavelength range. Its tech-
nology is based on optical parametric oscilla-
tion (OPO) and it is fully computer controlled. 
Thus, it allows you to tune from blue to red 
and into the near-infrared without any change 
of dyes or optical components. This makes 
$�8"7&�B�Ú�FYJCMF�BOE�VTFSGSJFOEMZ�MBTFS�GPS�
your applications.

Change the way you work

Visible, widely tunable, continuous-wave – 
for a long time this was equivalent to the 
IBOEMJOH�PG�UPYJD�EZFT�UP�DIBOHJOH�MBTFS�NFEJB�
or resonator mirrors or the restriction to narrow 
tuning ranges. C-WAVE is a solid state system 
that has no consumable components such as 
dyes. The wavelength can be simply set at the 
computer. 
C-WAVE tunes itself automatically and guaran-
tees superior beam quality as well as output 
stability across the whole tuning range –
PGGFSJOH�CPUI�IJHI�Ú�FYJCJMJUZ�BOE�QSFDJTJPO�BU�

C-WAVE

FLEXIBILITY – 
WITH PRECISION

the same time. It offers you single frequency 
operation, narrow spectral linewidth and 
options for frequency stabilization combined 
with an unprecedented spectral coverage.

Focus on your research, not on laser handling: 
C-WAVE helps you free your mind for your 
main tasks.

1000 1000

Pump laser

SHG

OPO

SHG

Signal Idler
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Wavelength [nm]

0RECISION�AND�Û�EXIBILITY�
for demanding applications:

y  Atomic physics
y  Quantum optics 
y  Metrology
y  Spectroscopy
y  Biophotonics
y  Photochemistry
y  Holography
y  Interferometry
y  and much more!

Operation Principle

C-WAVE combines two nonlinear processes 
to achieve its outstanding spectral coverage: 
*O�UIF�Ù�STU�TUFQ�	010
�B�����ON�MBTFS�QVNQT�B�
nonlinear periodically-poled crystal. Signal and 
idler photons with tunable frequencies in the 
near-infrared wavelength regime from 900 nm 
UP������ON�BSF�HFOFSBUFE�

Subsequent second harmonic generation  
(SHG) using a frequency doubling crystal leads 
to conversion of the signal photons into co-
lours from blue to green (450 – 525 nm), while 
the idler photons get converted into colours 
from green to red (540 – 650 nm).

The modular design of C-WAVE enables you to 
choose the colour ranges that you require!

THE TUNABLE LASER LIGHT SOURCE

C-WAVE

HÜBNER Photonics | Coherence Matters.

https://www.hubner-photonics.com
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2nd order nonlinear interactions
Optical Parametric Fluoresence effect
Source of polarization entangled state pairs of photons

Credit Photo: Institut d’Optique
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even disturbing!) consequences. 
Let us recall that the measure-
ment outcomes on photon I are 
uniformly distributed over states 
|VI

α
 ! and |HI

α
 ! , and that this pro-

perty does not even depend on α. 
So, when considering the outco-
me of the first measurement oc-
curring in the setup, one cannot 
assign any preferred direction to 
any photon whatsoever. The po-
larizer settings on both channels 
can be changed independently 
until the very last moment. Then, 
as soon as projection occurred 
on photon I, quantum formalism 
tells us that the state of photon II 
is also instantaneously projected 
and known with certainty. There 
is no need to explicitly perform 
a measurement on photon II: it 

becomes assigned to a specific 
state, not defined by a measure-
ment of one of its own features, but 
via a measurement performed on 
another particle, possibly located at 
the opposite side of the universe! This 
instantaneous “spooky action at a 
distance” disrupts our understan-
ding of “locality”.

EPR paradox:  
The completeness  
of quantum mechanics 
in question
Entangled states display correla-
tions that seem to involve non-local 
in"uence between physically sepa-
rated, non-interacting systems. This 
deeply troubled many physicists 
including Einstein, and led to the 
famous Einstein-Podolsky-Rosen 
(EPR) paper published in 1935 [4]. In 
this article, the authors imagined a 
similar situation as the one exempli-
#ed above in a famous thought ex-
periment (“Gedankenexperiment”). 
But they also explicitly assumed that 
such spooky action at a distance was 
impossible, so that the quantum 

Figure 1. Classical polarization measurement setup: 
Each channel is composed of a polarizing beam 
splitter (PBS) preceded by a half-wave plate (HWP) 
which allows one to choose the projection basis of 
the polarization measurements (α and β). 

Figure 2. Experimental setup built in the LEnsE 
in 2005 Quantum Optics

Experiment to 
test the violation 
of the Bell’s 
inequalities 
(Labwork @ 
IOGS) 
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the !rst crystal has no e"ect; the 
down-conversion process generates 
pairs of vertically polarized photons 
in the second crystal.

|Vpump! � ei!H|HI !|HII !  
and |Hpump! � ei!V|VI !|VII !

For a rectilinearly polarised pump 
at 45°, the pump photons state is 
written as: 

|ψpump! = 1—
√–2 

(|Vpump! + |Hpump!)

In this con!guration, 45° polarized 
pump photons can down-convert in 
either crystal. But it is absolutely 
impossible to know in which crys-
tal the photon pairs were created! 
By erasing this “which crystal infor-
mation”, we ensure that the photon 
pairs are in the superposition state: 

|ψ2ph! = 1—
√–2 

(|VI !|VII ! + ei!0|HI !|HII !)

Where !0 is a phase which depends 
on  many different parameters 
(wavelengths of pump and  down-
converted photons, for example), 
and is a direct consequence of the 
birefringence of the crystals.
In practice, to get a pure Bell’s state, 
we pre-compensate this phase by 
placing a Babinet compensator in 
front of the pair of crystals. The role 
of the Babinet compensator is to in-
troduce a relative phase between 
|Hpump! and |Vpump!:

|ψPump Babinet ! = 1—
√–2 

(|Vpump ! – e-i!0|Hpump !),

single detection rates of about 
23000 on each side, we detect a coin-
cidence rate of about 1600 (that is 
1600 pairs of photons persecond). 

Bell state  
preparation
The key of the setup is the prepara-
tion of a pure entangled state, one 
that will make sure that we can dis-
criminate between hidden variable 
theories and quantum mecha-
nics. We shall create photon pairs 
through a process that will indistin-
guishably generate either |HI   !|HII   ! 
or |VI  !|VII   ! in a superposition state 
(and not in a statistical mixture).
To produce polarization entangled 
pairs of photons, we use two 
identical thin crystals, rotated by 
90° from each other about the pump 
beam direction (see !gure 3). For 
a vertically polarized pump, the 
down-conversion process gene-
rates pairs of horizontally polarized 
photons in the !rst crystal; the se-
cond crystal has no more effect. 
For a horizontally polarized pump, 

An overview of the 
labwork setup
This experimental setup was pro-
posed in the early 2000’s [2,5]. What 
limited many experiments a few de-
cades ago was the di%culty to create 
a bright source of photon pairs. 
A convenient way to proceed is to 
use a type I phase matching spon-
taneous parametric downconversion 
process in nonlinear crystals, see  
!gures 2 and 3. The pump, a 60mW 
at 405nm blue InGaN laser diode, gi-
ves 810nm entangled photons. We 
will come back later to the detailed 
description of the Bell’s state prepa-
ration. Downconverted photons are 
collected by two lenses (focal length: 
75mm, diameter: 12.5mm) at about 
one meter from the crystals and 
focused on single photon counting 
avalanche photodiodes. Filters at 
810nm, 10nm width, are placed just 
in front of each lens. Polarization is 
analysed by rotating the half wave 
plates in front of the polarization 
beam splitter cubes.
Black plastic tubes prevent from 
stray light and protect single photon 
counting modules. For each detec-
ted single photon, these modules 
give a 25ns TTL pulse which is sent 
to a coincidence detector to ensure 
that the coincidences are measured 
between photons of the same down-
converted pair. In our experiment, for 

Figure 3. Two-crystal downconversion source:  
The crystals are 0.5 mm thick and in contact  
face-to-face, while the pump beam is approximately 
1 mm in diameter. 
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1 mm in diameter. 
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Mascaret waves on the Gironde estuary

3rd order nonlinear interactions
Generation of optical Frequency
Combs in nonlinear micro-cavities

air-dielectric interface. It has been first demon-
strated in optical microspheres (21) that ultra-
highQ resonances (>100million) can be attained
(whereQ = wt, the resonance quality factor, with
t denoting the photon storage time and w the
optical angular frequency). This ultrahigh Q fac-
tor results in long interaction lengths and can lead
to extremely low thresholds for nonlinear optical
effects (sub micro-Watt power level). The optical
WGM resonances correspond to an integer num-
ber of optical wavelengths (the mode index n)
around the microresonator’s perimeter and are
separated by the free spectral range (FSR), that is,
the inverse round trip time in the cavity (Fig. 2C).

In the case of resonators made of fused silica,
silicon, or crystals that exhibit inversion sym-
metry, the elemental nonlinear interaction is third-
order in the electric field, which gives rise to the
process of parametric four-wave mixing (FWM).
This frequency conversion process originates
from the intensity-dependent refractive index,
n0 + I × n2, where n2 is the Kerr coefficient, n0
is the linear refractive index, and I denotes the
laser intensity. When a microresonator made
from a third-order nonlinearity material is pumped
with a CW laser (Figs. 1C and 2A), this para-
metric frequency conversion will annihilate two
pump photons (with angular frequency wp) and
create a new pair of photons: a frequency up-
shifted signal (ws), and a frequency downshifted
idler (wi). The conservation of energy (2 ħ wp =
ħ wi + ħ ws, where ħ is the reduced Planck con-
stant) implies that the frequency components are
equally spaced with respect to the pump (i.e., ws =
wp + W and wi = wp – W, where 2W is the fre-
quency separation of the two new sidebands). If
the signal and idler frequencies coincide with
optical microresonator modes (Fig. 2C), the para-
metric process is enhanced, resulting in efficient
sideband generation. Momentum conservation is
satisfied in this process, since the WGMs have a
propagation constant b= n/R (where n is the
mode index and R the resonator radius) such that
2bp = bs + bi for symmetrically spaced modes
[i.e., signal and idler modes differing by an equal
amount (Fig. 2C)].

The generated sidebands have a defined phase
relationship, that is, the relative phases of signal
and idler with respect to the pump are fixed. If the
scattering rate into the signal and idler modes
exceeds their respective optical cavity decay rates
(k) (Fig. 2C), parametric oscillation occurs, lead-
ing to symmetric sidebands that grow in intensity
with increasing pump power. Although these ef-
fects are well known in nonlinear optics, such a
process was demonstrated only recently in silica
(22) and crystalline (23) microresonators. The ad-
vantage of microresonators is that the thresh-
old for initiation of parametric oscillation can be
strongly reduced, because the threshold scales
with the inverse Q factor squared, implying that
high Q can give a dramatic reduction in required
optical power.

Parametric oscillations can also lead to spectra
that containmultiple sidebands. The spectral band-

width can be increased by two nonlinear pro-
cesses (Fig. 2B). First, the pump laser can convert
pump photons to secondary sidebands, spaced by
multiple free-spectral ranges of the cavity (Fig.
2B). This degenerate FWM process would again
lead to pairwise equidistant sidebands. However,
the generated pairs of sidebands are not neces-
sarily mutually equidistant, that is, they are not
required to have the same frequency separation,
as is needed to form a comb.

On the contrary, in a second process, comb
generation can occur when the generated signal
and idler sidebands themselves serve as seeds for
further parametric frequency conversion, which
is also referred to as cascaded FWM (also termed
nondegenerate FWM because the two pump pho-
tons have different frequencies) (Fig. 2B). When
signal and idler sidebands have comparable pow-

er levels to that of the pump inside the cavity,
cascaded FWM is the dominant process by
which new sidebands are generated. This process
leads to the generation of equidistant sidebands,
that is, all generated frequency components have
the same separation from each other, giving rise
to an optical frequency comb.

Dispersion, the variation of the free spectral
range of the cavity with wavelength, ultimately
limits this conversion process and leads to a finite
bandwidth of the comb generation process be-
cause the cascaded FWM is less efficient once the
comb modes are not commensurate with the cav-
ity mode spectrum (Fig. 2C). Interestingly, how-
ever, the bandwidth of the comb is not entirely
determined by the dispersion of themicroresonator
alone. Indeed, the nonlinear optical mode pulling
(22) that occurs due to the Kerr nonlinearity at
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Fig. 2. Principle of optical frequency comb generation using optical microresonators. (A) An optical
microresonator (here, a silica toroid microresonator) is pumped with a CW laser beam. The high intensity
in the resonators (~GW/cm2) gives rise to a parametric frequency conversion through both degenerate
and nondegenerate (i.e., cascaded) FWM. Upon generation of an optical frequency comb, the resulting
beatnote (given by the inverse cavity round-trip time) can be recorded on a photodiode and used for
further stabilization or directly in applications. (B) Optical frequency comb spectrum, which is char-
acterized by the repetition rate (fr) and the carrier envelope frequency (fo). In the case of a microresonator-
based frequency comb, the pump laser is part of the optical comb. The comb is generated by a combination
of degenerate FWM (process 1, which converts two photons of the same frequency into a frequency
upshifted and downshifted pair of photons) and nondegenerate FWM (process 2, in which all four photons
have different frequencies). The dotted lines indicate degenerate FWM into resonator modes that differ by
more than one mode number. The presence of cascaded FWM is the underlying process that couples the
phases of all modes in the comb and allows transfer of the equidistant mode spacing across the entire
comb. (C) Schematic of the microresonator modes (blue) and the frequency comb components (green)
generated by pumping a whispering-gallery mode with a pump laser. The mode index (n) refers to the
number of wavelengths around the microresonator’s perimeter. The FWM process results in equidistant
sidebands. The bandwidth of the comb is limited by the variation of the resonator’s free spectral range (Dn)
with wavelength due to dispersion (shown is the case of anomalous dispersion).
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high power plays an important role and thereby
extends the comb beyond the limits imposed
by dispersion alone (24).

An important aspect of the optical frequency
comb in metrology is the stabilization of the
comb repetition rate and carrier envelope frequen-
cy. Although microresonators do not feature any
moveable parts, high-speed control of both fo and
fr can be attained in an independent manner (25).
In particular, fo is directly accessible by varying
the pump laser frequency with respect to the cav-
ity mode. In contrast, the repetition rate can be
varied by use of the intensity-dependent round-
trip time of the cavity. Due to both thermal effects
(i.e., the change of refractive index due to heating
by absorbed laser power) and the Kerr nonlin-
earity, power variations of the laser are converted
to variations in the effective path length of the
microresonator and therefore change the mode
spacing of the frequency comb (25). By using
electronic feedback on both laser frequency and
laser power, a microresonator Kerr comb with a
mode spacing of 88 GHz has been fully frequen-
cy stabilized, with an Er:fiber laser-based fre-
quency comb serving as reference.

Experimental Systems: From Microtoroids
to Integrated Chip-Scale Combs
The requirements for optical comb generation
with a microresonator are a high Q cavity with
small mode volume that is made from a material
with a third-order nonlinearity and low disper-
sion. Examples of different resonators are shown
in Fig. 3D. Toroidal microresonators (26) were
the first system in which optical frequency comb
generation was demonstrated (15). They consist
of a microscale silica toroidal WGM and can
attainQ factors in excess of 100million (whereQ
is the product of optical angular frequency and
photon lifetime). Highly efficient coupling into
these planar devices can be achieved by using the
evanescent field of tapered optical fibers (i.e., fi-
bers whose diameter is less than, or on the order
of, an optical wavelength in diameter, as illus-
trated in Fig. 2A). Overcoupling, the regimewhere
the total cavity losses are dominated by useful
output coupling “loss” into the fiber waveguide,
has been achieved, which is important to attain
high conversion efficiency, as only outcoupled
comb components are detected. Using tapered
fiber coupling of ~100 mW pump power at 1550
nm, a 375-GHz repetition rate frequency comb
was attainedwith a spectral bandwidth exceeding
350 nm (15). This broad bandwidthwas achieved
with intrinsic dispersion compensation. A typical
WGM microresonator features normal disper-
sion (i.e., high optical frequencies propagate
slower than low optical frequencies), because a
high-frequency mode will have its field maxi-
mum closer to the cavity boundary than a low
frequency mode. This can be compensated with
the material dispersion of silica that exhibits op-
posite behavior leading to a zero dispersion wave-
length in the 1550-nm region. Pumping around
this wavelength leads to the creation of broad

frequency combs that can exhibit more than a full
octave (a factor of two in frequency), i.e., a span
from 1000 to 2200 nm inwavelength as shown in
Fig. 3A (24). That the emission indeed constitutes
an optical frequency comb has been verified ex-
perimentally usingmultiheterodyne spectroscopy
(9). The uniformity of themode spacingwas shown
to be better than 1 part in 1017 (15). These devel-
opments inmicroresonator-based combs have there-
fore closely followed the early work in femtosecond
laser-based frequency combs, which was equally
focused to verify the comb modes’ equidistant
mode spacing at a similar level of precision (1).

A different class of resonators amenable to
optical frequency comb generation are crystalline
resonators (23). These are millimeter-scale reso-
nators, made by polishing a cylindrical blank, that
feature exceptional Q factors that exceed 1010

and lead to an optical finesse >107. Input and out-
put coupling of light is achieved with evanes-
cent prismatic couplers, and optical frequency
combs with a mode spacing as low as 12 GHz
have been attained (27). This frequency is low
enough to be directly detected using a photo-
detector, and such microresonators have been
employed to generate microwave signals having
high spectral purity (25, 28).

In addition to whispering gallery microres-
onators, Fabry-Perot fiber-based cavities can equal-

ly give rise to optical comb generation (29) by
using an interplay of the third-order nonlinearity
and Brillouin scattering. The Brillouin effect is
due to the scattering of a photon by an acoustic
phonon in the glass fiber and normally leads to a
reflected field with a lower frequency (shifted by
the phonon frequency of ~10 GHz in the case of
silica). Because the acoustic phonons in most
conventional materials (such as glass) are rapid-
ly damped, Brillouin scattering is normally a
phase-insensitive process. However, in the case
of strongly cascaded Brillouin scattering (and
in the simultaneous presence of FWM), even this
process can lead to the emission of a comb of
phase-locked frequency components.

Optical frequency combs have also been gener-
ated inmore compact silicon photonic circuits that
integrate both resonator and waveguide on the
same chip. An important advance in this direc-
tion has been the recent demonstration of optical
frequency comb generation in integrated silicon
nitride (SiN) resonators (30) fabricated using ap-
proaches compatible with widespread comple-
mentary metal-oxide semiconductor (CMOS)
technology. Although the opticalQ factor remains
many orders of magnitude lower (Q = 105 to 106)
than in the case of silica or crystalline resonators,
this is partially compensated for by the tight con-
finement of the field inside the microresonators
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Fig. 3. Microresonator-based frequency combs. (A) Spectrum of an octave-spanning frequency comb
generated using a silica microtoroidal resonator (24). (B) An optical frequency comb generated using a
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(Fig. 3) and the fact that SiN ex-
hibits a third-order nonlinearity of
n2= 2.5 × 10

−15 cm2/Watt, which is
approximately one order of mag-
nitude larger than that of silica or
crystalline materials such as CaF2
or MgF2.

The main benefit of this ap-
proach is that it is fully planar and
offers considerable flexibility, such
as access to dispersion engineering
through suitable resonator coatings.
Moreover, this approach allows di-
rect integration of the waveguide
on the same chip-scale platform pro-
viding a means to fabricate a com-
pact packaged device. Using an
integrated SiN resonator, optical
frequency comb generation has re-
cently been demonstrated in this
manner (31). As shown in Fig. 3,
two-thirds of an octave with mode
spacing of 204 GHz could be at-
tained when pumping at 1550 nm
with 300 mW of CW power (31).
In addition, parametric comb gen-
eration has been demonstrated with
another planar integrated resonator
using a doped silica glass (Hydex)
(32) that is also CMOS compatible
and exhibited even higher optical
Q factors(>106).

Planar integration of a frequen-
cy comb is a considerable advance
(30–32), but it is only part of a much broader class
of systems that can be envisioned. In addition to
highQ factor cavities and highly efficient coupling
techniques, recent advances in silicon nanophotonics
(33) have provided on-chip high-speed photodetec-
tors, Raman lasers, modulators, and parametric
gain (34). However, FWMnear 1550 nm in silicon
waveguides suffers from two-photon absorption,
which induces optical loss. Thus, more efficient
optical frequency comb generation in silicon could
be expected in the range >2.2 microns, which is
below half the bandgap energy for silicon, sup-
pressing two-photon absorption.

Emerging Applications for Microresonator
Combs with High Repetition Rate
Frequency combs with high repetition rates (e.g.,
10 to 1000 GHz) are desirable for a number of
applications (Fig. 4), but generation is challeng-
ing with conventional mode-locked laser-based
frequency combs due to the necessity of a short
cavity length. In addition, the high repetition rate
reduces the peak intensity of a pulse (the enhance-
ment of the peak intensity scales approximately
as the total number of comb lines). Nonetheless,
repetition rates from ~10 GHz to greater than 100
GHz have been achieved in several laser systems
(16), notably solid-state mode-locked lasers. The
spectral bandwidths of these lasers are typically
small (Dl/l < 1%), and as a result the peak
powers have been insufficient for substantial

spectral broadening. One notable exception is a
10-GHz Ti:Sapphire laser that was spectrally
broadened to cover an octave, thus enabling
full frequency stabilization (35). Mode filtering
of a comb with low repetition rate is another
option to obtain higher repetition rates but comes
at the expense of finite sidemode suppression
(because filtering is not perfect), power reduc-
tion, and dispersion-induced spectral narrowing.
In contrast, microresonator frequency combs nat-
urally provide a high-repetition rate comb, which
in some cases can span an octave (24). Although
the crystalline resonators (27) have demonstrated
mode spacings on the order of a few tens of
Gigahertz, those achieved with SiN and silica
microresonators are more typically in the range
of a few hundred Gigahertz. Increasing the size
of the microresonators lowers the repetition rate.
However, this also implies that theQ factor of the
cavity needs to increase as the radius of the res-
onator is increased in order to attain the same
level of resonant power enhancement (i.e., opti-
cal finesse defined as free spectral range divided
by the width of the resonance). A particularly in-
teresting set of applications is present for combs
with Dl/l > 10% and a repetition rate in the 10 to
100 GHz range, where it is still possible to di-
rectly measure the repetition rate with a high-
speed photodetector.

Astronomical spectrograph calibration. Preci-
sion spectroscopic measurements of periodic Dop-

pler shifts in stellar spectra have led
to the discovery of several hundred
exoplanets over the past 15 years.
Still, the detection of an Earth-like
planet within the habitable zone of a
distant star has been elusive. This is
due in large part because the Dop-
pler shift imparted by such a planet
corresponds to a radial velocity of
~10 cm/s, nearly an order of magni-
tude smaller than current detection
limits. The ability to measure Dop-
pler shifts near 1 cm/s may possibly
allow direct observation of the ac-
celeration of the expansion of the
universe (13). Although astronomical
spectroscopy with precision ap-
proaching 10−10 requires numerous
advances, it has been proposed that
an optical frequency comb could pro-
vide a near-ideal calibration grid
against which minute Doppler shifts
could be measured. Key requirements
for such a comb include broad spectral
coverage, uniform power distribution,
long-term stability, and a comb spac-
ing of three to four times the resolu-
tion of the spectrograph. For a typical
Echelle spectrograph in the visible or
near-IR, the latter condition requires a
mode spacing in the range of 10 to
30 GHz. Experiments using a low-
repetition-rate laser that is filtered
to transmit a sparse comb spectrum

have shown promising results (13, 14). However,
a frequency-stabilized optical comb generated with
a single laser and amicroresonator could be poten-
tially simpler, would be free of unsuppressed side-
modes (compared to a filtered low-repetition-rate
comb), and could be robustly packaged for unat-
tended long-term operation. Combs with some of
these qualities in the near-IR have already been
generated in crystalline resonators (27).

Telecommunications. The use of optical fre-
quency combs in the telecommunications bands
covering 1450 to 1750 nm has been envisioned,
but the channel spacing and data modulation
rates pose strict requirements on the mode spac-
ing and power levels. Due to the prevailing use of
channels that are spaced by more than 10 GHz
with power levels in the range >1 mW, optical
frequency combs have not penetrated into this do-
main. This could change as optical microresonator-
based combs reliably generate combs that have
high power per comb mode (>1 mW) and addi-
tionally can access repetition rates in the range
of 25, 50, and 100 GHz, as required for high-
capacity telecommunications. The advantage of
the optical comb generator is that it can simulta-
neously generate hundreds of telecommunica-
tion channels from a single low-power off-chip
source. Thus, a single high-power laser source and
a microresonator-based comb can in principle
replace the individual lasers used for each chan-
nel in telecommunications.
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Applications : 

From Kippenberg, Science (2011)
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2 1 INTRODUCTION TO NONLINEAR OPTICS

1.1 Basics of nonlinear optics

In the following, a dielectric material is considered, which is composed of microscopic entities
(atoms, molecules, ions...). The medium is then described as a collection of electric dipoles
which, under the action of an external oscillating electric field E oscillate and radiate collectively
a source term called the macroscopic polarization P .

Nonlinear optical e↵ects occur when the macroscopic polarization P magnitude is no longer
proportional to the applied electric field amplitude E . The polarization P is the source term
that is included into Maxwell’s equations to describe the propagation of electromagnetic fields
in a medium.

The relationship between P and E generally taking a complicated form, a first attempt
consists in expressing the polarization in terms of a power series in the field strength:

P(t) = �1E(t) + �2E(t)E(t) + �3E(t)E(t)E(t) + · · · ,

where the coe�cients �i are taken constant as a first approximation. The power series expansion
is valid as long as the amplitude of the incident field is much weaker than the atomic electric
field strength.

The objective of the course is to describe more precisely the relationship between the incident
electric field and the macroscopic polarization, including the determination of the coe�cients
�1, �2, �3, which are respectively related to the linear regime, the second and the third order
nonlinear regimes. The ability to generate a nonlinear polarization is responsible of numerous
phenomena that will be illustrated in this course. One can cite the generation of a nonlinear
polarization radiating at twice the frequency of an incident monochromatic wave. Such a phe-
nomenon refers to the process of second-harmonic generation, which will be described in details
in the chapter dedicated to the 2nd order nonlinear interactions.

1.2 Physical origins of the optical nonlinearities

In order to introduce basic concepts of nonlinear optics, two simple models are presented that
lead to a relationship between the applied field strength and the polarization in:

• metals or plasma-gas,

• dielectric media.

In the case of metals or plasma-gas, the model describes the motion of a free charge gas subject to
the Lorentz force induced by an electromagnetic wave. The second model describes the motion
of bound charges (electrons) under the action of an external field. A classical description of the
electron motion gives rise to the determination of relationships for the induced dipole and for
the macroscopic polarization.

In the linear regime, both models allow to retrieve expressions of the conductivity for metals
and the susceptibility for dielectric medium. Beside the simplicity of those models, most of
the nonlinear e↵ects to be examined in more details in the following part of the course can be
predicted.

1.2.1 Light-metals interaction

n the following, it is assumed that the electrical and optical properties of a metal can be rep-
resented in a similar manner by those of a free electron gas with a density N . The density of
negative charges is compensated by a positive charge density, which is assumed to be fixed. In
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Induced dipole and macroscopic 
polarization

A simplistic description of the interaction between a wave and an atom :

- Simplistic model for an atom =

Nucleus (charge +)

Electronic cloud (charge - )

- An applied static electric field acts on the electrons trajectories
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Induced dipole and macroscopic 
polarization

- With an applied EM fiels = temporal deformation of the electronic cloud
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Classical harmonic oscillator model
• Classical anharmonic oscillator - Description

Induced dipole (microscopic quantity) : 

Nucleus (fixed)

Electron Electronic cloud

Polarization (MACROscopic quantity) : 
x(z,t) ??

• Equation of motion

E
time

p
time

Induced Dipole

Driven Coulomb forceRestoring forceDamping term
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Linear polarization
Harmonic oscillator :  equation of motion 

Driven solution 

Induced dipole 

Linear polarizability
(microscopic quantity)

Macroscopic Polarization Linear susceptibility
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Linear polarization
Harmonic oscillator :  equation of motion 

Dispersion Absorption
(or amplification)
Lorentzian line shape

Linear Susceptibility

�(1)(⇥) = ��(⇥) + ı���(⇥)
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Classical anharmonic oscillator model
• Classical anharmonic oscillator - Description

Induced dipole (microscopic quantity) : 

Nucleus (fixed)

Electron Electronic cloud

Polarization (MACROscopic quantity) : 
x(z,t) ??

• Equation of motion

E
time

p
time

Induced Dipole
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Classical anharmonic oscillator model
• Equation of motion

Solution : perturbation method, taking into account 

Driven Coulomb forceRestoring forceDamping term

⇤2
0x � �x2 � ⇥x3

x(1) � x(2) � x(3)
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2nd Order Nonlinear Polarization
Anharmonic oscillator :  equation of motion 

Driven solution 

# $ = $!" − $" − '($
With :
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2nd Order Nonlinear Polarization
Anharmonic oscillator :  equation of motion 

Nonlinear Polarization

2nd order Nonlinear Susceptibility

Optical RECTIFICATION
(induces static electric field)

2nd Harmonic Generation
creation of an electric field with 

a 2w frequency component
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2nd Order Nonlinear Polarization
Anharmonic oscillator :  equation of motion 
Conclusion & Comments
• The macroscopic polarization induced inside the material is then given 

by the sum :

With :

(Complex amplitudes)

• Phase mismatching between the polarization component @ 2ω and the free 

propagative wave @ 2ω  ⇒ wavevector related to P(2ω) ≠ wavevector of E(2ω)

2k(ω) ≠ k(2ω) 

• On the other hand, strong enhancement of the nonlinear susceptibility is expected once 

ω or 2ω (or both) is close to a material transition (@ω0) (but with detrimental additional 

absorption)

) " $#; $$, $" = , -#.
/!0"#($#)#($$)#($")

With : $# = $$ + $"
# $ = $!" − $" − '($

• For non-resonant interactions (" ≪ "!) ⇒ $ " is real and independent of the frequency
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3rd Order Nonlinear Polarization
Anharmonic oscillator :  equation of motion Case of a centro-

symmetric material

Driven solution 

Linear and Nonlinear Polarization

3rd Harmonic 
generation

Optical Kerr 
Effect

x(z, t) = �x(1)(z, t) + �2x(2)(z, t) + �3x(3)(z, t) x(2) = 0

⇤(3)(⌅1,⌅2,⌅3) =
�N�e4

⇥0m3D(⌅1 + ⌅2 + ⌅3)D(⌅1)D(⌅2)D(⌅3)
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3rd Order Nonlinear Polarization
Conclusion & Comments
• The macroscopic polarization induced inside the material is then given by the sum :

With :
(Complex amplitudes)

• Phase mismatching between the polarization component @ 3ω and the free 

propagative wave @ 3ω :  3k(ω) ≠ k(3ω) 

• Strong enhancement of the nonlinear susceptibility is expected once ω or 3ω (or 

both) is close to a material transition (@ω0)

⇤(3)(⌅1,⌅2,⌅3) =
�N�e4

⇥0m3D(⌅1 + ⌅2 + ⌅3)D(⌅1)D(⌅2)D(⌅3)

• For non-resonant interactions (" ≪ "!) 

⇒ $ # is real and independent of the frequency


